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Abstract

The use of an adequate approach to assess and design large-scale structures, such as bridges,
may prevent early structure failures and provide economical solutions throughout the service
life. A bridge failure can result in significant social, economic, and environmental problems;
therefore, its reliability and risk management are essential. Bridges system reliability and risks
are governed mainly by their redundancy and robustness, which currently are not properly
included in most design code specifications. Thus, in this study, a comprehensive comparison
between relevant importance, redundancy, and robustness indicators found in the literature with
different levels of complexity is carried out. The indicators under analysis have been used
separately in different studies; however, they have never been addressed together. Therefore,
this study presents a joint evaluation of deterministic, reliability- and risk-based indicators to
evaluate the differences in interpretation and information provided by the indicators. The
approach is exemplified by analyzing a prestressed concrete bridge subjected to continuous
degradation due to chloride ingress. A procedure is implemented to couple a metamodel-based
reliability approach with a nonlinear finite element analysis (NLFEA). Based on the analysis
performed, the comparison between indicators showed how different interpretations can be
obtained depending on the implemented approach. This points out the necessity to create more
uniform formulations and to agree on target values that can help with the redundancy and
robustness interpretation.

Keywords: Importance, redundancy, robustness, prestressed concrete bridge, structural
reliability, risk, corrosion.

1. Introduction

Bridges are an essential component of the transport infrastructure, which became a crucial
factor in economic growth. Consequently, a bridge failure can represent severe economic
damages or, more critically, result in the loss of life [1]. A considerable number of existing
bridges are approaching or have already reached their intended lifespans. During that period,
they have been constantly subjected to different degradation agents (such as fatigue loading,
aggressive chloride environmental conditions, and overloading, among others) [2]. Those
agents can cause a significant reduction in their capacity [3-7] and make uncertain their safety
level.

Corrosion is known as one of the principal causes of the deterioration of concrete bridges
[8-11]. Higher stresses might be produced in the case of prestressing strands, resulting in a
sudden strand rupture which can trigger a structural collapse [9]. In those cases, it is essential
to evaluate its robustness level since it will help to determine its capacity to prevent damage
propagation. These aspects, together with a collection of catastrophic failures presented in the



past, highlighted the importance of considering structural redundancy and robustness as system
performance indicators.

In the last decades, studies have been developed in the reliability field applied to assess
structure's redundancy and robustness (e.g., [12],[13]), from which different definitions can be
found. Nowadays, these concepts are still controversial [13],[14], and there is no consensus on
an adequate redundancy or robustness level. As well as the variety in definitions, through the
years, several indicators aimed to quantify the redundancy, robustness, and element importance
have been developed and further improved. However, despite many contributions in this area,
hardly any studies analyze such indicators together.

Furthermore, it is known that current structural design specifications are based on the
individual element safety analysis, in which the capacity of its weakest member determines the
system's safety. This member-oriented approach does not consider the reserve capacity of the
system, ignoring its ability to redistribute the loads when a single member reaches its maximum
load-carrying capacity [12]. Consequently, it leads to the possibility of obtaining conservative
or, in other cases, non-robust systems, which may be susceptible to cascading failures and
collapse after the accidental brittle failure of a single member [15],[16]. For that matter, it is
essential to consider the interaction between the different structural members; in that way, a
path for the loads to redistribute can be included. Nonetheless, formulating an explicit
performance function is usually not an easy task for complex structures, which turns necessary
to use external numerical tools, such as the Finite Element Method (FEM).

The FEM has been adopted in many structural reliability problems to simulate the structural
behavior and evaluate the performance function [17]. In this case, an implicit function can be
used instead, and the interaction of the elements is considered through Finite element Analysis
(FEA) rather than assuming a series-parallel combination of elements [18]. One drawback when
using FEM is the high computational cost, a common concern when using nonlinear finite
element analysis (NLFEA), especially when a small probability of failure is expected. In this
regard, meta-modeling has been an attractive solution to enhance the efficiency of reliability
analysis [19], [20]. Examples of these metamodels are Response Surfaces Methods, Support
Vector Machine, Neural Networks, and Kriging, among others. The Kriging model has received
much attention [20], [21-23] due to its numerical accuracy [24] and because the model provides
the corresponding kriging variance.

Based on the abovementioned aspects, this paper presents a first joint evaluation of
deterministic, reliability, and risk-based indicators. The main objective is to provide a
comprehensive comparison of relevant importance, redundancy, and robustness indicators with
different levels of complexity. Furthermore, the comparison facilitates the general
understanding, and overview of differences between the information that the indicators provide.
The indicators are used together in a complex case study with high fidelity in mechanical and
reliability methods. The case study is a prestressed concrete bridge subjected to capacity
degradation due to a chloride attack. The methodology implemented includes the integration of
a metamodel-based reliability algorithm that allows and facilitates the integration between the
probabilistic assessment and advanced NLFEA. The comparison provides an overview of how
the indicators can differ from each other depending on the level of complexity and how the lack
of standardized values can influence the final interpretation of these indicators.

First, an overview of importance, redundancy, and robustness definitions and existing
indicators are given in Section 2, and a final summary and classification of the indicators under
study are presented. Section 3 details the three main analyses performed in this study: structural,
reliability, and risk analyses. Furthermore, Section 4 contains a description of the case study
and presents the results obtained through the analyses described in Section 3, as well as the
respective discussions. The comparison among the different redundancy and robustness
measures can be found in Section 4. Finally, in Section 5, the concluding remarks are presented.



2. Importance, redundancy, and robustness indicators
2.1. Definitions

In bridge engineering, importance, redundancy, and robustness are essential concepts related
to the safety and performance of bridge systems. In scientific literature, various definitions of
these indicators can be found. Past studies, such as [25-27], have summarized relevant existing
definitions.

Despite the different meanings of the redundancy, importance, and robustness terms, it is
observed that the available definitions shared a common basis and similar keywords. To
summarize the different definitions found, in this study, the term importance refers to the
significance of a component or element in maintaining the overall structural integrity (e.g.,
[28]); redundancy is related to the existence of alternative load paths, so that if one element
fails, the load is transferred to other elements in the system (e.g., [29]). Moreover, robustness
refers to the ability of the system to maintain its structural integrity without excessive changes
in system capacity, reliability, or performance during the occurrence of adverse events (e.g.,
[30], [31]).

2.2.Review of available measures

Various metrics associated with the different definitions have been proposed to quantify the
indicators. The nature of these indicators’ metrics can be classified as deterministic, reliability-
or risk-based. This section contains a review of existing indicators on the three main
approaches, i.e., deterministic, reliability- and risk-based measures.

2.2.1. Deterministic

Deterministic robustness and redundancy measures from the scientific literature are related
to the relation, ratio, or proportion of capacity between the damaged element/system and the
intact element/system. For example, Ghosn and Moses [32] and Liu et al. [33] proposed three
measures (Ry, Ry, and Ry) obtained by the comparison between the system and an individual
element’s capacity. Restelli [34] used a measure (p) based on the ratio between the
displacements of the intact and damaged systems, and later Biondini and Restelli [35] proposed
to obtain the indicator p in terms of a limit load multiplier. On the other side, Starossek [36]
proposed several robustness measures, such as the index R based on the global stiffness matrix
of the structure linear-elastic model, as well as an energy-based measure. Also, Starossek and
Haberland [37] proposed an index expressed in terms of the integral variation of the damage on
the structure, called Ry i, and a modification of this integral was later presented by Cavaco et
al. [38].

In this study, the measures based on the load factors (LF) proposed by Ghosn and Moses
[32] and Liu et al. [33] are used since they can easily be related to reliability-based measures
presented below in (3. The LF's are calculated using (1 and can be interpreted as the number of
times that the design load must be increased for the structure to reach failure:

LF =B,/P @)

where P, is the ultimate load reached and P is the weight load of a single design vehicle.
The load factors can be classified as ultimate load factor LF,, functionality load factor LFy,
and damage load factor LF,;. Each is compared with the load factor of the most critical element
represented by LF;. Following their definition of redundancy and robustness, Ghosn and Moses

[32] stated that comparing the load factors would provide objective measures of the system's
redundancy and robustness (see (2).

Ru = LFu/LFl Rd = LFd/LFl (2)

where R, represents the redundancy ratio and R, represents the robustness ratio given by the
damaged condition.



2.2.2. Reliability-based
In previous studies, probabilistic concepts have been introduced into the quantifications of
importance, redundancy, and robustness to include part of the existing uncertainties [16], [32],
[33], [39], [40]. Ghosn and Moses [32] re-formulated the expressions in (2 using the reliability
index £, which can be defined as the system and component reliability differences, denoted as
ABy, and ABg |, for the intact and damaged states of the system, respectively. These reliability
differences can be obtained using the following expression:

AB,=Bs—B1 ABg= ﬁFs |Fp — B 3

where s and S, are the reliability indices of the intact (S), and damaged (Fs |F;) systems,
respectively, and 3, is the reliability index of the element.
Equation (3 can be expressed as a function of the time t as:

ARy () = Bs(t) = Bu(t)  ABa(t) = Ba(t) — Bu(t) “)

Additionally, Rabi et al. [39] proposed two system performance indicators, IR and IR, and
their values are obtained using (5. The measures were proposed as indicators of the redundancy
and robustness of structural systems; however, they can be better interpreted as importance
measures. Higher values of IRg and IR are obtained when considered the failure of an element
with higher importance compared to less important elements.

IRs = P(Fs)/P(F)  IRq = P(Fs|Fy)/P(Fs) ©)

where P (Fs) is the probability of the intact system failure Fs, P(Fg|F;) is the probability of the
system failure given the element failure F;, and P(F;) is the probability of the element failure.

Similarly, an importance measure was proposed by Frangopol and Curley [16]. Originally,
the indicator was denominated as a redundancy index (RI) and its definition is close to IR, (see
Equation (6). The difference is that RI is expressed as a difference ratio, and IR is a ratio only.
However, both provides a degree of importance of an element in the system’s reliability.
Additionally, the authors obtained a redundancy reliability index Sp, which is an inverted
version of RI and expressed in terms of reliability indexes, see also (6.

RI = (P(Fs|F) — P(Fs))/P(Fs)  Br = Bs/(Bs — Brg|r,) (6)

As a different approach, conditional probabilities have also been implemented to obtain
system performance indicators. For instance, [28], [41], and [42] defined redundancy as the
probability of the system failure with the failed element removed. Furthermore, Straub and
Kiureghian [28] presented a measure named the single element importance (SEI;), which is
defined by Equation (7. SEI; provides the difference between the failure probabilities of the
intact system and the system considering the failure of a member i.

SEL; =Pr[C()|¥®) = (F,n..0nF_ nF,nF, n..nE)]
— PrlC(OI¥Y(®) = 4]
where, Pr[C(t)|W(t)] is the probability of collapse C(t) at specific time t given a deterioration
case ¥ (t),¥(t) = (F,n..nF_; nFnF,;n..NnE) represents the deterioration case in
which the element i has failed, and W(t) = 1, is the case in which all the elements are intact.
Equation (7 may be adjusted to the previous introduced denotation and expressed as:

SEl; = P(Fs|F)(8) — P(Fs)(8) (®)

2.2.3. Risk-based
Risk-based approaches for determining robustness are based on considering both the
probability of element and system collapse, including the economic and societal consequences.
The risk quantification can be summarized by Equation (9:

™)
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where, R is the total risk, D, H and F represent sets of m damages, n hazards, and % failure
events, respectively, and C(Fy, D;) is the cost of failure and damage, in which the consequences
of damage and collapse may be given monetary values.

Baker et al. [31] proposed a robustness index taking basis in risk analysis and with the
distinction of direct and indirect, i.e., follow-up, consequences expressed as follows:

Lrop = RDir/(RDir + Rlnd) (10)

where Rp;, is the direct risk related to element failure, and R, is the indirect risk related to
the collapse of the system.

The robustness index ranges from 0. to 1.0, for which a value of 1.0 indicates very high
robustness corresponding to negligible indirect, i.e., follow-up consequences. The direct and
indirect risks can be calculated for different points in time:

Roir(®) = ) ) P(BO|Hi(®)) - PCH©) - Coir(8) (an
=1 j=1
n m h
Rima(®) = )" ) > P(RD;(©)) - P( O] Hi®) - PU() - Cina (6) (12)
i=1 j=1k=1

where, Cp;-(t) are the direct consequences associated with the failure of the element (i.e., the
cost to replace the element); and C;,,4(t) are the indirect consequences at time ¢ caused by the
failure of the system (i.e., the cost to rebuild the subsequent system, safety loss and environment
loss).

Finally, the total risk caused by the failure of the element is given by Equation (13:

R(t) = Rpir(t) + Ripa (1) (13)

3. Structural, reliability, and risk analysis

The methodology implemented in this study can be divided into three primary analyses:
structural, reliability, and risk analyses (see Figure 1), and a detailed description of them is
presented in Sections 3.1-3.3. Each analysis is explained by targeting the case of prestressed
concrete structures subjected to material degradation due to chloride attack.

3.1.8tructural analysis
3.1.1. Modeling of failure scenarios

The modeling of failure scenarios is performed considering the different exposures and loads
to which the structure is subjected. Furthermore, the critical element(s) are identified, i.e., the
elements most probable to fail first due to the identified exposure(s).

Given an exposure, the critical elements are identified considering: 1. the element(s) with
higher stresses, given the normal loads, and 2. the element(s) with higher time and magnitude
of exposure. Once the critical elements are identified, the damaged scenario of the structure can
be analyzed by considering that the critical elements have failed.

Two system states and one element state are analyzed to determine the system performance
indicators. The first system state corresponds to the intact structure, representing the structure
under analysis subjected to normal loading before exposure to any hazard. The element state



corresponds to the study of the critical element(s) due to a determined exposure, and the second
system state corresponds to the damaged structure, which represents the case in which the
critical elements have failed and are discarded as a part of the structure.

F=q o
L Risk z%l.@.ly_szs_ i
FEM Uncertainty model Consequences modeling
Structural model
Degradation model Evaluation of Risks calculation
Loading model Limit State Functions l
l ¢ Outputs
Modeling of failure scenarios Outputs Risks values
¢ Probabilities of failure Risk-based robustness
Outputs Reliability index

Reliability-based redundancy

Limt State functions o] e

Deterministic redundancy
and robustness

Figure 1. Structure of the methodology.

3.1.2. Structural system model through FEM

In this study, the structural system is modeled through a Finite Element (FE) software, and
anonlinear FE analysis (NLFEA) is carried out to study the system’s failure. From the NLFEA,
the overall resistance of the structural system is obtained, as well as the identification of the
critical sections and elements. For this study, the software ATENA Studio v.5.9 was used,
which is specialized in NLFEA applied to concrete structures. Previous publications have
demonstrated that ATENA can realistically simulate the concrete behavior in both ductile and
brittle failure modes [43], [44], and the constitutive models in ATENA have been implemented
in a wide range of concrete structures, including full-scale bridges (e.g., [45-47]), and reliability
analysis [48] with satisfactory results.

The deterioration of the system capacity due to the reinforcement corrosion is also included
in the FE model, as well as the prestressing losses. The prestressing losses are calculated
following the AASHTO LRFD and discounted to the initial prestressing force. Furthermore,
the force after losses is applied to the tendons in the FE model.

The reinforcement corrosion is evaluated from the parameters of the surrounding
environment, specified as a special boundary condition. The diffusion in the structure is
governed by additional factors such as concrete cover thickness, water-to-binder ratio, and
crack propagation. The time of corrosion initiation is calculated according to Poulsen [49] and,
e.g., Kwon et al. [50] as:

X
C(X, t) = CS [1 - erf(m>] (14)

where Cs is the chloride content at the surface in kg/m3, D,,(t) is the average diffusion
coefficient at time ¢ in m%/s, x is the distance from the surface in m, and f(w) is a function that
introduces corrosion acceleration due to cracking. The propagation phase is controlled by the
corrosion rate. The chloride ingress depends on the corrosion current density izo (in pA/cm?)
and chloride concentration in the concrete. A more detailed explanation of the chloride-induced
corrosion implemented in ATENA can be found in Cervenka et al. [51].

3.2. Reliability analysis
After obtaining the failure scenarios, the reliability analysis is performed, which aims to
quantify the safety level of a determined structure. This safety level is expressed in terms of the
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reliability index (f) and its associated probability of failure (P(F)). The failure event F of the
element or system can be formulated in terms of the random variables resistance R and load S
as:

FiglX)=R-S<0 (15)

g(X) is the limit state function, and X is the vector of random variables.

In this study, a metamodel-based reliability analysis is performed to obtain the values of
P(F) and 8, which is described in Section 3.2.1. In case of more than one critical element is
identified, the individual elements’ failure is formulated separately, and the failure of the
elements and system should be represented by structural system reliability modeling. The
system probability can be calculated with the individual element limit state functions gg;_ ;. for
n;_ parallel and n;,_ series elements:

Mje Mic

P =P (| Jlgri <0} (16)

Je

3.2.1. Metamodel-based Reliability Analysis

A metamodel-based reliability methodology consists mainly of substituting the original limit
state for a surrogate model. This substitution allows the assessment of the limit-state function
without having to perform additional FEM evaluations, thus, obtaining a reasonable
computational cost. The three critical steps of a metamodel-based reliability algorithm are 1.
Implementation of an experiment design (DoE) to get the Experimental Points (EP), 2. Use a
regression method to obtain a surrogate model (metamodel), and 3. Calculation of § and P(F)
values. For each step, a wide range of strategies are available to help the metamodel-based
reliability to be more effective and accurate; thus, the choices made in the present are shown in
Figure 2.

Establish:
dist. type, ux, Ox

Obtain the first 2n+/
EP using LHD

Transformation of variables
to original space

Evaluation of G

Obtain kriging surrogate
model

Use U learning function
to calculate U, and
next best point x,_,,

no

Figure 2. Flow-chart to build metamodel.

The kriging metamodel was chosen due to its exact interpolation nature and it has
demonstrated good efficiency in structural systems reliability problems [20], [52]. This model
is also known as the Gaussian Process Regression, and it has received particular attention in the



structural reliability methods based on metamodels. In reliability, kriging regression aims to
approximate the performance function g(X), based on a given dataset, into a model §(X) that
combines a regression model and a stochastic process, as shown in Equation (17.

g(x) = fT(x)B + z(x) (17)

where, T (x;) is the basis function, £ is the vector of the regression coefficients, and z(x;) is a
stationary Gaussian process with zero mean, variance 072, and covariance expressed by
Equation (18:

CoV|[z(x)), z(xj)] = oZR(x;, x;; 0) (13)

where, R(x;, x;; @) is a correlation function between the experimental points x; and x;, and
is a vector of undetermined correlation parameters.

The trend of the basis function f7 (x;) is usually adopted as constant (ﬁo); in that case, the
model is called ordinary kriging. Other trends, such as the linear or quadratic polynomial, can
also be used. In this paper, the ordinary kriging was adopted. The experimental points to which
the model fits were generated using the Latin Hypercube Design (LHD) due to its space-filling
properties and flexibility in choosing the number of experimental points. LHD is used for the
first iteration, generating 2n+/ points, being n the number of random variables. For the
subsequent iterations, the learning function U(x) shown in Equation (19 was used:

UX) = 1gx)l/o5(x) (19)

where, §(X) is the kriging-limit state function, and o (X) is the kriging standard deviation.

The learning function’s objective is to identify the best next point to be added to the EP. This
can be done by finding the point that minimizes the function U(X), as shown in Equation (20
since a small value of U(X) means either §(X) is close to zero or a45(X) is significant. A value
that minimizes the learning function will have a higher probability of being close to the limit
J(X) = 0 (the region of interest) [19]. Once the best point x,,.,; is identified, it is added to the
EP, improving the accuracy of the metamodel. This procedure iterates until the stopping
criterion U,,;, (X) = 2 is satisfied. The last criterion was suggested by Cox and John (1997)
since U(X) = 2 corresponds to the case of the sample being correctly classified with a
probability of $(2) = 0.977.

Xnext = arg min U(X) (20)

The prediction error, i.e., the metamodel uncertainty, is modeled and accounted for in the
reliability analysis by randomly generating the prediction value from the prediction distribution,
which is assumed to be normal with mean p4.xy and variance ng(x) :

toey = TR +r(X)TR™ (g — FP) 1)
a5y = 0z{1 —r(X)"R'r(X)

+[FTR '7r(X) — fX)I"(FTR 'r(X)F) " [FTR™r(X) (22)

- OB

where, g is the vector of the original limit-state function responses, r(x) is the vector of cross-
correlations between the prediction point X and each one the observations and F is the design
matrix of the Kriging metamodel trend.

The coefficient of determination R? is calculated to check the data fitting of the metamodel
using Equation (23. Values of R? closer to 1 represent a better fitting of the data.



w2 = 290 — §G)° o)

(g0 - g_(xi))z
where g(x;) and §(x;) are the values of the original and surrogate limit state functions for the
points Xx;, respectively, and g(x;) is the mean of the original responses.

A good meta-model is not just the one that succeeds in fitting the data but can predict the
response in points where there is no information. Thus, techniques such as Cross-Validation
(CV) (commonly used in Machine Learning) have been developed to validate and improve the
metamodel’s construction. In this study, a ten times 10-fold CV was implemented, and an
effective measure of error was used, that is the squared predictability correlation coefficient Q2
(see (24). For each fold, the coefficient Q? is obtained, then the average of all the coefficients
is calculated (Equation (25).

2
Qiz - izt (g(xi,p) - g(xi,p)) (24)

S (9(xip) = 3(xip))

0 =/m) e @3)

i=1
where x; ,, represents the test data points of each fold.

Generally, a good fitting and prediction of the data are given by coefficients R%2and Q2 with
values above or equal to 0.7. If values below 0.7 are obtained for either R? or Q2, additional
EPs need to be included in the metamodel to increase its accuracy.

Once the meta-model is constructed and its accuracy is verified, a Monte Carlo simulation
is implemented to evaluate the probability of failure, using Equation (26:

P(F) = NgsO/Nsim (26)

where, Nj< is the number of times the limit-state function had values less or equal to zero, i.c.,
was in the failure zone, and Ng;,, is the total number of simulations.

Visualizing or illustrating reliability results for problems with more than two random
variables is difficult since it represents a problem with dimensions higher than 3. Therefore, in
this study the Principal Component Analysis (PCA) was used to reduce the space from n-D (n
is the number of random variables) to 2-D (Principal Components PC1 and PC2) for illustration
purposes only. Details about PCA can be found in [53], [54].

3.3.Risk analysis
The risk analysis builds upon the structural reliability analysis, includes the consequence
modeling for the failure scenarios, and associates the consequences with the damage and failure
states of elements and the system.

Determining the risks associated with specific bridge damage or failure scenarios requires
identifying and quantifying the consequences of the corresponding end states. In general,
consequences related to risk-based robustness measures are divided into direct and indirect
consequences [31], denominated before as Cg;;- and Cj, 4, respectively. The exact definition of
both depends on how the system and scenario are modeled; however, the former is commonly
associated with localized failure, while the latter considers any subsequent propagation of the
damage in the structure, e.g., bridge failure. Different approaches are possible to model and
quantify these consequences; however, it is common to consider distinct consequence types,



including (1) human, (2) economic, and (3) environmental impacts [55]. An overview of
relevant consequences for bridge structure is provided in Table 1 based on [56].

Directly combining bridge damage and failure consequences requires transforming to
standard units, e.g., monetary value. In Sweden, the Transport Administration (7rafikverket)
provides socio-economic cost-benefit models for various impacts on the transportation
infrastructure, which are updated regularly; these include traffic delays and disruptions,
environmental impacts, and traffic safety and accident costs [57]. These models can be directly
integrated with the indicators in Table 1 to determine the monetary value of a consequence.
Models for determining human casualties (and costs), traffic management costs, and
repair/rebuild costs for bridges can be found in the literature [56], [58], [59].

Table 1. Elements considered for consequence modelling of bridge damage and failure

based on [56].

Consequence Elements considered Indicator
type (measure)
Human Fatalities, injuries to traffic ~ Number of

users or operators on, near,  casualties.

and under the bridge.
Economic Consequences of structural ~ Monetary value.
(structure) damages, including repair &

rebuild costs, clean-up costs
& investigation costs.

Economic (traffic ~ User delay costs, traffic Additional travel
disruptions) management costs. times, detour
lengths.

The consequences related to an exposure event includes the repair costs (Crep) of the
element and system (re-building costs), the traffic delay costs (Crp) for vehicles unable to pass
over and/or under a failed bridge, and the potential human causalities (Cy) associated with
bridge failure.

The repair costs, Crep, Will depend on the extent of damage and should be determined
depending on the type of repair needed and the respective costs. For simplification, this cost
may be expressed as a fraction of the rebuild cost, Cy,,, (see Equation (27), or it can also be
estimated based on the original cost or a reference value presented as a ratio of the bridge deck
area.

Crep =6 Crew 27

where 6 << 1 can, as a further simplification, be estimated based on the extent of damage in
relation to the bridge size.

The severity of consequences associated with traffic disruptions requires estimating the
additional (or delay) time experienced by traffic users because of detours or congestion
following the bridge's collapse. The following monetary costs can be distinguished [56]:

Crp = (Z VT -n)-tg (28)
with,
tg=Lgv (29)

where VT is the value of time for vehicle time (cost unit/time), n is the corresponding traffic
intensity (number of vehicles), t; is the expected additional travel time (or delay), Ly is the
detour length, and v is the average traffic speed.
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For the human causalities, three scenarios are considered: (1) deaths/injuries to persons on
the bridge at the time of the collapse, (2) deaths/injuries to persons underneath the bridge at
collapse, and (3) death/injuries related to vehicles colliding with the collapsed bridge. The
estimated number of casualties N for all cases can be determined from the following equation:

N=P-((n-L)/v)-0 (30)

where, P is the probability of a specific casualty type, L is the reference length (distance), and
0 is the average vehicle occupancy (persons/vehicle). The relevant input for each scenario is
provided in [56].

It should be identified among the different consequences considered (Cyep, Crp, and Cyc),
which are direct and indirect consequences, and obtain the Cp;- andC;,4 total values. When
dealing with time-dependent risks of an event that occurs in the future, it should be discounted
to the present monetary value (Cpy) of the consequence and determine Cp;-(t) and Cppq(t)
using the following relation:

Cpir(t) = Cpypir - (1 4+1)F and Cppa(t) = Cpyma - (1 +1)° B

where t is the year under analysis and r is the annual discount rate, which can vary depending
on economic, social, and political factors [60].

Once the consequence modeling is performed and the Cp;,-(t) and Cp,q(t) values are known,
the respective indirect and direct risks can be assessed. Risk values are obtained using Equation
(11-(13, which combines the probabilities of failure obtained through the methodology
described in Section 3.2.2 and the associated consequences. As a final step in the risk analysis,
the robustness index of the structure I,.,;, presented in Equation (10, Section 2.2, is calculated.

4. Example application

An example of a prestressed concrete bridge is used in this study to evaluate the differences
between the indicators presented in Section 2.2. The structure under analysis is subjected to a
constant chloride exposure, and therefore a resistance degradation is considered. The indicators
are evaluated for different points in time (5, 25, and 50 years) to study how the values change
for different levels of corrosion.

4.1. General description

The structure under study is located in Colombia, and it was chosen as a case study due to
the availability of design information. The bridge belongs to a third-class road in the country,
which means the traffic volume is low; however, heavy trucks can still transit over the bridge.
The structure was designed in 1976 following the AASHTO (1965) [61] specifications.

The superstructure consisted of four parallel prestressed concrete beams and a reinforced
concrete deck. The bridge has one span of 26 m, whose cross-section is shown in Figure
3.Error! Reference source not found.a. The detailed cross-section of each beam and the
reinforcement configuration are presented in
Figure 3, as well as the reinforcement configuration. The beams were designed with a
compressive strength f,= 28 MPa, and an elasticity modulus E, = 30.303 MPa. The deck’s
concrete has a compressive strength of f, = 21 MPa and modulus of elasticity of E, = 27.533
MPa. Yield strength of f, =370 MPa was specified for the reinforcement bars.

The prestressed cables comprised seven strands of 9.5 mm diameter with ultimate tensile
strength and modulus of elasticity fp,,,= 1890 MPa and E},= 197 GPa, respectively. Seven cables
were specified for each beam with an initial prestressing force of 420 kN. The cable profile and
the shear reinforcement distribution are shown in Figure 4. The structure is submitted to traffic
loads, which were defined based on the design loads, corresponding to the vehicle HL-93
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illustrated in Figure 5, and a lane load is considered and uniformly distributed on the bridge
deck, and its magnitude is specified as g=9 kN/m.
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Figure 3. Bridge geometry and detailing a) cross-section view b) prestressed beam at mid-
span and c) reinforcement bars and stirrups configuration.
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Figure 5. Design truck HL-93 configuration and weight.

4.2.Modeling of failure scenarios

The failure scenarios are modeled considering that the structure is under two main exposures:
traffic loads and chloride ingress (see Figure 6). Therefore, the elements more likely to fail were
determined considering the following aspects:

1) The bridge failure herein studied corresponds to a bending failure produced once the
reinforcement and tendons reach the maximum strain.

2) Corrosion is propagated equally for the four beams; however, the traffic load is located in
the critical flexure point, which makes the tendons on that section more probable to fail.

3) For bending at the critical section, the bottom bars and tendons handle more stress than
the others; however, the tendons are the elements with the highest level of stress in comparison
with the reinforcement bars.
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4) At the critical section, four of the seven tendons are located closer to the external surface,
where the chloride ingresses; hence, they have an earlier chloride ingress and, therefore, more

exposure time.

Following the failure scenario described, the damaged state of the structure is represented
by the bridge system without the four failed tendons in the external beam (see Figure 7).

Exposure: Traffic loading

Critical Section at
mid-span

'

Chloride ingress
trough concrete

w

Chloride ingress surfaces in green and red

Exposure: Chloride induced corrosion

Beam 1

with concrete cover:

B 3cm B2 5cm
Figure 6: Modelled exposures.
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Figure 7: Scenario representation with element and system damage and failure states and
allocated consequences.

Element type

L=26m

X, 2
restriction

Figure 8. System FEM.

4.3. Reliability analysis
The random variables for the case study are listed in Table 2, as well as the probabilistic
distribution and the respective parameters, which were based on previous studies [62-67] and
the JCSS (2015) [68] guideline.

Table 2. Random variables.

Variable Dist. Wy Uy Variable Dist. Wy vy
f. (MPa) Log-normal 38.2 0.18 | W, (kN/m?) Normal 15.8 0.1
fi (MPa) Weibull 2.8 0.18 | D,,(m?/2) Normal 1.2x1012 0.2
E. (MPa) Log-normal 33598.7 0.15 Cs(%) Normal 2.5x102  0.18
G (N/m)  Weibull 140.6 0.2 Cer (%) Normal 4x10°% 022
Aps (m?) Normal 4.9%x10*  0.013 Mg Log- normal 1.2 0.05
P, (kN) Gumbel 67 0.25 M, Log-normal 1 0.05
P,(kN) Normal 429.3 0.05

Between the random variables, it can be found properties of the concrete (f¢, f;, E¢, G), the
area of the prestressing tendons (4,;), loads such as self-weight (W), prestressing force (F,),
vehicle weight P,, and the corrosion parameters (D,,, Cs, and C.,). For the corrosion
parameters, it was assumed that the level of aggressiveness of the chloride is low, i.e., for
structures placed at 2.84 km or more from the sea. The probabilistic values were taken from
[70], [71]. In this approach, the correlation between the concrete properties was considered,
whose coefficients shown in Table 3 were chosen based on [67].

Table 3. Correlation between concrete properties
fc ft Ec Gf
f- 1 08 09 06
f: 108 1 07 09
E. [09 07 1 05
G- |06 09 05 1
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Different limit state functions are formulated based on Equation (15, for the tendon
(gr, (X, 1)), the intact system (grs(X)), and the damaged system (gr4r, (X, t)) as:

FT:gFT(X' t) = MRRT(t) - MLL < 0 (32)
Fs: gps(X) = MgRs — M, L (33)
Fs|Fr: gpgp, (X, t) = MgRs(Fr,t) — M, L (34)

where, Rg and Rg(Fr, t) are the intact and damage systems resistance at the time t, My is the
FEM model uncertainty, and M; is the uncertainty of the loading model L.

The failed tendons are located at the bottom of the beam in the critical section. Due to the
full correlation of the loading, the resistance, and the high correlation of the section loss induced
by the chloride exposure and corrosion, the system failure of the four tendons equals the
individual probabilities of failure, i.e.:

Drs=FraNFraNFr3NFry,) = E}Q{P(FT,L‘)} = P(Fr;) (35)

with p(Fr ., Fri41) = 1.0.

4.3.1. Results from the reliability analysis

The reliability index £, the probability of failure P(F), and the number of limit state function
evaluations (n.4;;5), obtained from the reliability analysis are presented in Table 4. The factors
R? and Q?, for all cases, in the different points in time, it was obtained factors with values 1.0,
which means that the model could fit and predict the data accurately. Figure 9a. and Figure 9b.
show the metamodels’ surface obtained for the intact and damaged system at 5 years, the
obtained Experimental Points (£P), and the plane g(X) = 0. From this figure it is possible to
have a visualization of the metamodel fitting to the data.

Table 4. Results from reliability analysis for the element (tendon), intact and damaged

system.
Intact Tendons’ system Damaged system
system S5years 25years 50years | Syears 25years 50 years
B(t) 6.46 5.03 4.02 2.97 2.1 1.95 1.78
P(F)(®) 13x10M | 2.5x107  2.9x10°  1.5x107 | 1.8x102 2.5x102  3.7x1072
Nealls 60 37 55 73 218 136 98

The reliability results showed how the reliability of the damaged system is significantly
lower than the tendons and intact systems. Thus, the results show that the failure of the tendons’
system and the continuous degradation of the system’s capacity due to the corrosion of
remaining elements significantly impact the reliability of the structure.

4.4.Risk analysis
The risks and respective consequences are obtained for the case study as:

Direct consequences:

For this case study, the direct consequences were treated as the cost of repairing the external
prestressed beam, which has suffered the loss of the tendons and rebars. The cost of the
prestressed beam repair (Cp;,,1) was based on previous studies which have pointed out that, on
average, a prestressed beam replacement costs 8000 USD per ft of the beam (= 26247 USD per
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m), and it takes approximately one to two months to complete [72]. This value was multiplied
by the span of the bridge to obtain the total beam replacement cost.

[ Metamodel

a) b)

Figure 9. Metamodel surfaces and EP for the cases a) intact system and b) damaged system at

5 years.

The cost of delay due to the beam’s replacement (Cp;.,) was considered a direct
consequence since a significant portion of the bridge becomes unusable while it is being
repaired.

Indirect consequences:

The indirect consequences include the costs related to the extension of damages in the

structure. Therefore, in this study, the following costs were considered:

The rebuilt cost (Cjpq,1) of the system. This cost can be obtained by considering the
current cost of building a new superstructure or the value of replacing a prestressed
concrete beam multiplied by the total number of beams plus a percentage related to the
deck and transversal elements replacement. For the case study, the cost of remplacing
the whole superstructure was obtained by multiplying the cost of the beam’s
replacement by four (4) (since there are four beams) plus a 20% percentage representing
the slab replacement.

Cost of traffic disruption (Cjpq,2), which was considered and obtained using Equation
(28. However, the delayed traffic passing under the bridge was discarded since the
bridge crosses a river, and there is no traffic below the structure. The costs were
calculated considering the closest roads leading to Barrancabermeja, where a total
detour length of 56 km was determined (corresponding to = 2 hours of additional travel
time).

The number of human causalities was obtained using Equation (30, considering an
average vehicle velocity of 40 km/h and a traffic volume of 100 vehicles/day. The cost
per fatality and severe injury in Colombia in 2016 was estimated at 17,544 million USD
for 141,963 reported fatalities and serious injuries [73]. Considering this value, one
fatality or injury is assumed to cost about 1.24x105 USD.

The costs for the different points in time were obtained using a discount rate of 3%. Table 5
and Table 6 summarize the consequences at the different points in time related to the structure,
and human causalities, respectively.
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Table 5. Consequences related to the structure.

Present 5 25 50
value years years years
Replacement cost beam (Cpy 1) 6.8x10°  5.9x10° 3.3x10° 1.6x10°
Delay cost 1 (Cpir.2) 24x10°  2.1x10° 1.2x10° 5.5x10*
Replacement cost of superstructure 20x10°  2.5%10° 14x10° 6.5x10°
(Clnd,l)
Delay cost 2 (Cing2) 1.0x10° 8.7x10° 4.8x10° 2.3x10°
Table 6. Consequences related to the human causalities.
Present 5 25 50
value years years years
Human N, =83 Cp=  103x10°  89x10° 4.9x10° 2.4x10°
Causalities N;=28 C,=  3.5x10°  3.0x10° 1.7x10° 8.0x10°

Total (Cjpg3)= 13.8x10°  1.2x107 6.6x10° 3.2x10°

Determination of risk:
To calculate the direct Rp;,- and indirect R;,,4 risks, it can be used the expressions below:

Rpir = (Cpir1 + Cpir2) - P(Fr) (36)
Rina = (Cing1 + Cinaz2 + Crna3) - P(Fs) (37)

with,
P(F;) = P(Fs|Fr) - P(Fr) (38)

where P(Fr) is the tendons’ system probability of failure, P(Fg|Fy) is the conditional
probability of the bridge system failure due to the tendons’ failure, and P (Fs) is the probability
of failure of the system.

4.5.Importance, redundancy and robustness indicators

With the deterministic approach, presented in Section 2.2.1, the redundancy and robustness
indicators R, and R, are calculated based on the load factors LF;, LE,, LF; related to the
tendons’ system, intact and damaged bridge systems, respectively. Both the redundancy and
robustness indicators show an increase in time (see Figure 10b.) due to the more rapid drop of
the LF; values through the years (in comparison with LF, and LF;). The LF, behavior is obtained
due to the direct influence of the chloride ingress on the components’ system, which results in
more significant losses on its bending capacity compared to the bridge system.

As their concept suggests, the indicators R,, and Ry, also called the system reserve ratios,
are useful to measure the influence of the damage of the component’s system (local damage)
on the overall structural system. Thus, the results presented in Figure 10.b can be interpreted as
a stronger influence of the local damage on the overall structure in the early years of the
structure’s life.

The reliability-based indicators are divided into Part I to Part III (see Figure 11) for a
better visualization since the values obtained have large differences in scales. The indicator A,
gives a measure of the safety difference between the intact system and the tendons’ system. The
increasing values with time (see Figure 11a) are attributed to the fact that the tendons’ system
reliability drops faster than the safety of the overall bridge system. Therefore, its contribution
to the overall structure reliability is smaller once the corrosion in these components has been
initiated. On the other hand, the indicator S, exhibited a decrease over time (see also Figure
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11a), given that the difference between intact and damaged systems’ reliability increases with
prolonged exposure of the structure to chloride.

Load factors Deterministic indicators
6 5
5 4..78 . R, = LE,/LF, 3.9
4 Rq = LFq/LF n
3 ’ 1.7
2 2 14 .
| L s £0.7
0 i P i i® 4
5 years 25 years 50 years i i i
S years 25 years 50 years
wor@eee LF) ool LE, - LFy y y ¥
(tendons'  (Intact bridge (damaged bridge R R S o+ Ry
system) system) system)
a. b.
Figure 10. a. load factors and b. redundancy and robustness obtained from deterministic
analysis.
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Figure 11. Indicators obtained from the reliability analysis divided into a. Part I b. Part II
and c. Part III.
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Given the small value of P(Fy), the indicator RI converged to the same numerical values
as IRy. Additionally, the indicator SEI, which provides a non-normalized version of RI,
exhibited the same behavior in time as Rl and IRy, but in a smaller scale (see Figure 11b).
These three indicators measure of the importance of the tendons failure in the overall bridge
system’s reliability. Thus, the increasing values over time result from the higher influence of
the tendons’ failure in the bridge’s safety, i.e., higher P(Fg|Fy) values.

The indicators /Rg provides the ratio between intact system’ and tendons’ failure
probability. When the tendons lose reliability, the IR decreases, indicating a loss of element’s
importance in the overall bridge system’s reliability. On the other hand, decreasing values of
ABg, i.e., more negative values, indicate a higher gap between the system reliability given
element failure and the tendons reliability.

Reliability-based measures are less straightforward than deterministic measures, and their
values depend on the random variables considered and their probabilistic properties. As can be
seen, these indicators can be obtained by comparing the reliability of the local damage and the
intact or damaged systems in different ways. Each comparison provides a different measure,
with different magnitudes and different interpretations. For instance, the indicator AfS,, shows
that with time, as the tendons lose capacity and reliability, their importance in the system
decreases representing better system performance. Similarly, the indicator IRs shows their
contribution to the system’s reliability decreases for higher tendons failure probability.

On the other hand, indicators in Figure 11b show that the elements’ importance increases
over time, which is interpreted as a higher impact of the tendons’ failure on the overall system’s
reliability. Therefore, the system performance decays towards the end of the structure’s service
life. Moreover, the indicator A, provides the difference in reliability between the damaged
system and the tendons. Their values show, among the different analyzed points in time, that
the element loses impact on the system’s reliability towards the end of the service life.

The risk-based approach was implemented to obtain the robustness index I,.,j,, and the
results are shown in Figure 12. The value of I, decreases over time, attributed to a higher
influence of the indirect risks towards the end of the service life, which is caused by the
increased failure probability of the damaged bridge system. The decreasing robustness indicates
that continuous deterioration over time, increases the probability of high indirect consequences.

Risks Risk-based indicator
12 0.8
10 ® 104 ’ 0.74 o o7 Irop = Rpir/Rtot
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Figure 12. a. risks and b. robustness values obtained from risk analysis.

5. Conclusions
This paper presents a joint evaluation of deterministic, reliability-, and risk-based indicators
for a complex case study. A non-linear FEM model and a metamodel-based methodology were
implemented to obtain the indicators. The case study consisted of a prestressed concrete bridge
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subjected to capacity degradation due to chloride ingress. From the analyses carried out, the
following conclusions can be drawn:

The metamodel-based reliability method coupled with the FEM model showed an
acceptable efficiency according to the number of iterations (n.4;5); the maximum number of
iterations needed was 218, which is a significantly small number in comparison with the
computational cost of crude Monte Carlo simulations that can reach up to 1x10'* simulations
required for values of P(F;)=1x10'". The prediction uncertainty of the metamodel was
considered in the analysis, and its accuracy was verified by the calculations of the fitting and
predictability factors, R? and Q2, respectively. The value obtained for all the models was 1.0,
which showed that the metamodels had a good fitting to the experimental points and that the
model can predict the limit state function g(X) for additional points. The good fitting and
predictability can be attributed to the kriging exact interpolation nature and the use of the
learning function, which aimed to add to the experimental points with high kriging standard
deviation (increasing accuracy of the metamodel) and close to the failure zone g(X) = 0.
Therefore, it can be concluded that the accuracy of the metamodel was verified and that the
algorithm can be adapted and applied for similar cases of structures with a high computational
cost for FEM.

The reliability value obtained for the intact system was significantly higher than the
reliability of the elements and damaged system. This highlights that degradation agents, such
as chloride ingress, can increase the structural system’s vulnerability to sudden collapses over
time.

This study presented several redundancy and robustness indicators available in the literature,
and it demonstrated how they can be different in magnitude and interpretation for the same case
study. This highlights the importance of having a good understanding of their definition and
purpose. Also, it was possible to observe that indicators defined in terms of failure probabilities
tend to be either really small or high (e.g., IRs, IR;, RI) making their interpretation more
difficult. Thus, further research in this area is needed to establish measures that can be easily
interpreted and applied for the case of existing structural systems or to develop ways of
interrelating the existing indicators and facilitating the comparison and interpretation.
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Abstract

Reliability analysis has become essential when studying the performance of structures. Due
to improvements in computational technologies, the use of Finite Element Modeling (FEM)
implementation in reliability analysis has increased. However, several of the existing reliability
methods still have issues to be resolved. For instance, approximation methods become
unpractical when using FEM since, most of the time, implicit limit state functions are used.
Simulation methods, despite the improvements, are still too expensive. Metamodel-based
methodologies have become popular since they provide a good balance between efficiency and
accuracy. However, most algorithms developed address problems involving independent
variables. Therefore, this paper describes an improved metamodel-based algorithm to assess
the reliability of structures, especially when considering variable dependency and FEM. The
algorithm aims to provide a methodology that ensures a rapid convergence of the iterative
process when building the metamodel in the region of interest i.e. where the Most Probable
Point (MPP) is located. The algorithm uses a modification of the initial DoE and suggests using
copula theory to represent the joint PDF of the variables. Copula theory allows modeling of the
dependence structure between variables, independent of their marginal distributions. A copula
is a function that links the marginal distributions of two or more variables to their joint
distribution. Implementing copulas can be beneficial since they allow for modeling complex
dependence structures that traditional correlation methods may not capture. The algorithm
enriches the experimental points matrix by finding points close to the Limit State Function
(LSF) at 0 with high prediction variance using learning functions and with high joint PDF
values using copula theory. The algorithm was validated using a series of examples and was
applied to a case study of a reinforced concrete trough bridge for which the capacity was
obtained using FEM. The results showed that the proposed methodology is more efficient than
most recent algorithms without reducing accuracy.

Keywords: Reliability; structures; metamodel; kriging; copula; Finite Element Modeling.

1. Introduction

In structural engineering, reliability analysis is a process to ensure/assess a structure's safety,
functionality, and lifespan. Therefore, it plays an essential role in structural engineering.
Reliability analysis has become an increasingly important tool in structural engineering, given
advances in technology and modeling techniques, allowing engineers to identify and address
potential issues before they become significant problems.

Finite Element Modeling (FEM) has become increasingly popular over the years when
evaluating a structure's reliability since it allows an accurate representation of the
structure/element behavior. In those cases, the evaluation of the limit state functions (LSF),
typically characterized implicitly, is expensive and nonlinear [1]. For this type of LSF, methods
such as MVFOSM, FORM, and SORM (local reliability methods) are challenging [1], and
simulation methods, such as Monte Carlo (MC), are too expensive. As an alternative, surrogate
models have been used instead to replace the original time-consuming FE model. This approach
in reliability analysis is commonly referred to as a metamodeling technique. Metamodeling
techniques include the response surface method (RSM), polynomial chaos expansion, kriging
model, support vector regression, and neural networks. Their differences rely on the type of
surrogate model implemented.

The kriging model is widely used due to its exact interpolation nature and elegant stochastic
properties [2], [3]. In the case of kriging models, learning functions (LFs) have played a
significant role when searching for points in the set of DoE (Experiment Design) samples. An
LF can be defined as a convenient mathematical function that weights the metamodel properties
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to identify the most suitable candidate for enhancing the DoE. Several learning functions have
been proposed over the years. Of them, a popular one is the Expected Feasible Function (EFF)
developed by Bichon et al. [4], which looks for points expected to be located close to the LSF.
However, the search is applied across the whole space instead of focusing only on the boundary.
Others include the U function proposed by Echard et al. [5], which selects points by considering
the wrong classification probability, and the function H presented by Lv et al. [6] based on the
information entropy. Of the existing LFs, the U learning function is widely used because of its
simplicity and the fact that it enables easy identification of the point with the highest probability
of misclassification [2].

In literature, metamodel techniques using kriging models, learning functions, and MCS are
referred to as AK-MC methods. Comprehensive literature reviews of metamodel-based
methods are given in [7], [8], describing the different surrogate models and adaptive methods
developed. Despite the number of publications in the area of improved AK-MCS methods, there
are still some issues to be solved when dealing with structural reliability problems, especially
when using FEM. As pointed out by Zhang et al. [2], the existing learning functions used to
enrich the DoE can be inefficient for cases with a small probability of failure. Also, in the active
learning process, the most frequently used stopping criteria are based on the values of learning
functions EFF and U. However, it is argued that both focus more on the accuracy near the limit
state rather than the probability of failure itself [9], [10], making them more conservative and
needing a larger number of samples [2].

Furthermore, engineering problems' random variables are most likely non-normal and
dependent [11]. However, most existing methods focus on cases with independent variables
[12]. In reliability analysis, there are two ways to deal with correlated random variables: the
Rosenblatt transformation [13] and the Nataf transformation [ 14]. The former can yield accurate
results, but the main drawback is that the joint PDF must be known, which is usually unavailable
[12]. The latter is widely used because it only requires the marginal PDFs and correlation
coefficients to transform the dependent variables into independent ones [15], [16]. More
recently, the use of copulas has been of interest to represent the correlation and joint PDF of
dependent random variables (e.g. [17]-[23]). The copula theory is a well-known method for
representing dependence between variables [24]. One advantageous characteristic of copula
models is their adaptability, whereby any joint distribution can be expressed as a combination
of marginal distributions and a copula function with equivalent results [24].

Despite the number of studies of metamodel-based reliability methodologies, the
consideration of an adequate representation of a variable’s dependency has yet to be included
in AK-MC methods. Generally, good techniques have been proposed to improve the efficiency
and accuracy of kriging-based metamodel reliability analysis. However, they mainly focus on
the global representation of the limit state functions, which has two main implications. The first
one is that, for structural reliability problems where the aim is to construct the metamodel
locally, a significant percentage of experimental points (EP) obtained through the existing
methods are not helpful since they are located far from the failure zone. Therefore, unnecessary
time and computational effort are expended. Also, to the authors' knowledge, no algorithms
exist for correlated variables. The correlation might affect the method's accuracy if not correctly
included.

This study proposes an improved metamodel-based reliability algorithm, which aims at
reducing the number of simulations when using FEM and ensuring that the structure's safety
levels are adequately obtained. Also, it includes strategies that provide good accuracy when
dependency between variables is considered. The algorithms' main features are kriging as a
surrogate model, copula theory to select the best candidate to be added and a different stopping
criterion. The selection of the next point is based on three key aspects: that the point has a high
prediction variance obtained by the U learning function, that it is close to the LSF at 0, and that
it has a high joint PDF value. With these three criteria, the point added increases the model
accuracy in the area close to the MPP. The joint PDF is obtained using copula theory, which
allows a good representation of the non-Gaussian random variables joint PDF, considering that
correlations are well represented. The proposed algorithm was tested in examples of explicit
limit state functions since it is easy to compare with previous studies and a traditional method
such as MC. Once the methodology was validated, it was tested for the case of an existing
reinforced concrete trough bridge.



This paper briefly introduces kriging and copula theories in Sections 2 and 3, respectively.
The proposed algorithm is described in Section 4, and Section 5 presents a group of eight (8)
examples to validate the algorithm's accuracy and efficiency. Section 6 contains a case study of
a reinforced concrete bridge, for which the reliability was determined using the proposed
methodology. Nonlinear Finite Element Analyses (NLFEA) were carried out to evaluate the
structure's ultimate capacity. Finally, in Section 7, the conclusion is presented.

2. Kriging theory

The kriging model, also known as the Gaussian Process Regression, is a statistical
interpolation method based on the realization of a Gaussian process. It uses a set of weighted
averages of nearby observed data points, with the weights determined by the spatial distance
between the points and the degree of spatial correlation. The kriging model provides not only a
predicted value but also an estimate of the prediction error, which can be used to quantify the
uncertainty of the prediction. The kriging surrogate function (§(X) ) of the original LSF (g (X))
is shown in Equation 1:

G0 = fT(x)B + z(x) 1
where fT(x;) is the basis function, § is the vector of the regression coefficients, and z(x;) is a

stationary Gaussian process with zero mean, variance g2, and covariance expressed by
Equation 2:

CoV|z(x)),z(x;)| = oZR(x;,%;; 0) 2
where R(x;, x;; ) is a correlation function between the experimental points x; and x;, and 6 is
a vector of undetermined correlation parameters. The most widely used correlation is the
Gaussian correlation function [25] expressed as:

M

R(x;,x;0) = l_[ exp [—Gm(xim - x}")z] 3
m=1
where x™ is the m*" component of x;.

The trend of the basis function 7 (x;) is usually adopted as constant (,). In that case, the model is
called ordinary kriging. Other trends, such as the linear or quadratic polynomials, can also be used. The
prediction error, that is, the metamodel uncertainty, is modeled and accounted for in the
reliability analysis by randomly generating the prediction value from the prediction distribution,
which is assumed to be normal with mean p5xy and variance ag(x) :

o) =fT OB +r(OTR(g — FB) 4
Ug(x) =02{1 - r(X)"TR r(X) 5
+[FTR'r(X) = fOI" FTR™'7r(X)F) ' [FTR™'r(X) — f(X)]}

where g is the vector of the original limit state function responses, r(x) is the vector of cross-
correlations between the prediction point X and each one of the observations, and F is the design
matrix of the kriging metamodel trend.

According to the Gaussian process regression theory, the structural response of X is
subjected to a normal distribution as:

GX)~N (g o5cx) ) 6
The most widely used learning function used with kriging models is the U(X) function,
which is shown in Equation 7:

UX) = 1§01/ 75 (0) 7

where §(X) is the kriging limit state function, and o (X) is the kriging standard deviation.

The learning function’s objective is to identify the best next point to be added to the EP. This
can be done by finding the point that minimizes the function U(X), as shown in Equation 8
since a small value of U(X) means either §(X) is close to zero or a4 (X) is significant. A value
that minimizes the learning function will have a higher probability of being close to the limit
J(X) = 0 (the region of interest) [19]. Once the best point X, is identified, it is added to the
EP, improving the accuracy of the metamodel. This procedure iterates until the stopping
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criterion U,,;, (X) = 2 is satisfied. This criterion was suggested by Cox and John (1997) since
U(X) = 2 corresponds to the case of the sample being correctly classified with a probability of
$(2) = 0.977.

Xnext = arg mxin UX) 8

The coefficient of determination R? is calculated to check the data fitting of the metamodel
using Equation 9. Values of R? closer to 1 represent a better fitting of the data.

2
g2 = 1 - Shmal0G) ~ 9G) .
Z?:l(g(xi) - g_(xi))
where g(x;) and §(x;) are the values of the original and surrogate limit state functions for the
points X;, respectively, and g(x;) is the mean of the original responses.

A good metamodel is not just one that succeeds in fitting the data but can also predict the
response in points where there is no information. Thus, techniques such as Cross-Validation
(CV) (commonly used in Machine Learning) have been developed to validate and improve the
metamodel’s construction. In this study, a ten times 10-fold CV was implemented, and an
effective measure of error was used, that is the squared predictability correlation coefficient Q2
(see Equation 10). For each fold, the coefficient Q2 is obtained, then the average of all the
coefficients is calculated (Equation 11).

or 1 2o (9) - i)
(o) - 9())
Q> =(1/m ) q? 2
where x; ,, represents the test data points of eéiﬂ fold.
Generally, a good fitting and prediction of the data are given by coefficients R%and Q2 with

values above or equal to 0.7. If values below 0.7 are obtained for either R? or Q2, additional
EPs need to be included in the metamodel to increase its accuracy.

10

3. Copula theory

Copulas are statistical tools that model and study the dependence between random variables.
They were introduced in the early 1950s by Sklar [24] as a way to separate the marginal
distributions of a multivariate random variable from its dependence structure. They can be
defined as functions that link or "couple" the multivariate distribution functions to their
corresponding one-dimensional marginal distribution functions [26]. Copulas are especially
useful for modeling and analyzing data with non-normal and non-linear dependencies, where
traditional multivariate techniques may be inadequate.

A copula can be defined as a multivariate cumulative distribution function (CDF) in which
the variables are uniformly distributed ~Unif(0,1) [21]. There exist different types of copulas,
including Archimedean copulas [27], [28], and elliptical copulas [29]. Each type has its
properties and applications; a description of copulas and their characteristics can be found in
[26]. Mathematically, a copula function C(uy,u,,...,u,) in the n-dimensional probability
distribution on a unit hypercube [0,1]" is defined as [20]:

C(uq, Uy, ..., up) = PriU; < uyq, ..., Uy < uyl 12
where u; is a sample of a standard uniform variable U;~Unif(0,1) and Pr[-] is the probability.

If F denotes the joint CDF of the original random variables X, and F; represents the marginal
CDF of X, F can be expressed in the terms of the marginals and the copula function as:

F(xq, %0, ., %) = C(Fl(xl), ...,Fn(xn)) 13
Sklar's theorem establishes that there is always a copula function C that satisfies Equation
13 for any given joint distribution [24], [30]. A key advantage of copulas is that
C(uyq,uy, ..., uy,) is invariant even when the original random variables X;(i = 1,..,n) undergo
strictly monotonic transformations [20], [24].
Since this study is focused on structural reliability problems, for which random variables
have continuous marginal distributions and linear correlation represented by the linear Pearson
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correlation coefficient p(X X j), the Gaussian copula is used to describe the joint PDF of the
variables. However, it i1s important to note that the Gaussian copula assumes that the
dependence structure is linear, which may only be appropriate for some data types. However,
alternative copula models, such as the Archimedean or the vine copula, may be more suitable.

Gaussian copula:

One of the most used copulas is the Gaussian copula, an elliptical copula that assumes normal
marginal distributions. One relevant property of the Gaussian copula is that it is easy to
simulate. Thus, it can generate synthetic data with the same dependence structure as the original
data, which is helpful in many applications, such as MC simulation. It is called "Gaussian"
because it uses the Gaussian distribution function as its building block for constructing the joint
distribution of variables. Furthermore, the Gaussian copula has some attractive mathematical
properties, such as the ability to model both positive and negative dependencies between
variables and the ability to handle high-dimensional data. It is also computationally efficient
and can be easily implemented in practice.

The joint PDF p defined in terms of the copula is given by:

n

p(xleZ""'xn) = C(upuz'---,un)npxi(xi) 14
i=1

with
up = Fy, (xn) 15

where py, (;) is the marginal PDF and c(U) is the joint PDF of the copula function denoted

as:
onc
=7aun(u1,uz,...,un) 16

c(uq, Uy, ..., Upy) 7u
1- .

If Fy, has generalized inverse function Fx_l-l then Equation 13 can be rewritten as:

F(FM ), B (u), - Bt (un)) = Cug, Uy, -, Uy) 17
Equation 17 shows how a multivariate distribution copula function is constructed with the
marginal distributions. As a member of the elliptical family, Gaussian copulas can be defined
as the joint normal CDF of multiple standard normal variables. For the two-dimensional copula
function, the corresponding CDF and PDF are, respectively:

C(uy, up; p) = (@71 (wy), @~ (uz); p)

B fd)—l(ul)fq)_l(uz) 1 _(52_2p3t+t2) dsdt 18
Tl L. m@=pA\T 20-p?) s

c(uq, Uy, ..., Up; P) =

1 < ‘D_l(u1)2 + ¢—1(u2)2 - 2pd>_1(u1)(1>_1(u2)>
2exp — :

2(1-p?) 19

( ¢_1(u1)2+¢>—1(u2)2>
exp|— >

where ® is standard normal CDF, &1 is the inverse standard normal distribution, and p is a
correlation parameter.

Using Equations 18—19, the joint CDF (F (x4, x;)) and PDF f (x4, x,) of the variables x; and
x, are obtained as:

F(x1,%5) = C(ug, up; p) = C(Fy(x1), F2(x2); p) = P (@71 (F1(x1)), @1 (Fa(x2)); p) 20

F(xq, %) = c(uq, up; P f1 (61 f2(x2) = c(F1(x1), F2 (x2); p) f1 (x1) f2 (x2) 21

In conclusion, the joint PDF of the random variables can be assessed by multiplying the
copula’s PDF and the marginal PDFs as illustrated in Equation 21.



4. Proposed Algorithm
4.1.Initial DoE

The initial DoE plays an important role when building a metamodel since it defines the
region where the first search of the MPP is carried out. Most of the current initial DoEs are
guesses of where this optimum can be located, with the effectiveness of the convergence
dependent on how good this first guess is.

When building a metamodel for reliability analysis, the aim is to represent the region where
g(X) = 0. Therefore, instead of making a guess, an initial DoE (Design of Experiment) can be
provided with points that lie in g(X) exactly equal to zero. Thus, this methodology was
employed and tested in the present study to determine whether it can enhance the efficiency
and accuracy of the algorithm. Adopting this approach makes it possible to add points in the
initial DoE while keeping the computational cost constant. In structural engineering, the limit
state function is usually formulated as shown in Equation 22, in which R is the resistance of the
element/system and L is the load. The safety levels of a structure are measured using the
probability Py such that R < L. Therefore, the value of g(X) = 0is when L =R.

gX)=R-1L 22

Subsequently, the initial set of Experimental Points (EP) is obtained by applying a Latin
Hypercube Design (LHD), providing an initial mapping of the random space. The initial
number of points equals ny,+1, where n,,, is the number of random variables. The value of L
for which g(X) = 0 is then evaluated using the same values initially generated with LHD for
the remaining variables. This initial DoE covers a significant limit state function space, and
additionally contains points lying exactly in g(X) = 0.

4.2 Enrichment of the EP

One of the most important aspects when building a metamodel is to select an appropriate
methodology to enrich the matrix of experimental points (EPs). The added EPs influence how
many iterations will be required to converge and obtain an accurate version of the LSF. Also,
they determine how well the failure zone is represented.

Learning functions have been popular for kriging since they take advantage of the model's
information, such as the prediction variance, which increases the model's accuracy. However,
developed learning functions usually suggest that the points to be added to the metamodel are
points with the highest prediction variance. Thus, the model's accuracy increases globally.
However, learning functions do not address the necessity of effectively representing the zone
where the MPP is located i.e. it might not be locally targeted. Furthermore, evaluating the
structure's reliability is typically a local matter since the main objective is to find the value of
Pr and B, which are related to the MPP.

The evaluation of the joint PDF can be used to find the candidate point close to the MPP.
This algorithm uses a group of samples generated from a copula function, from which points
with low U values and high joint probability are identified. Copula functions can be
implemented to evaluate the joint PDF accurately. It is known that for structures, such as
concrete structures, the parameters involved are most likely correlated (e.g. concrete
compressive strength and modulus of elasticity). Furthermore, the copula offers a solution to
representation of the joint PDF, considering the correlation between the variables. Thus, in this
paper, the use of copulas is proposed in order to choose the points to be added to the metamodel.
Together with the learning function U and the copula function, the best candidate is selected
considering (1) that the point has high uncertainty of prediction, (2) it is close to g(X) = 0 and
(3) it is close to the MPP.

4.3.Calculation of Py and 8

Once the metamodel is built and its accuracy has been verified, samples are generated from
the copula function and a MC simulation is implemented to evaluate the probability of failure
using Equation 23:

P(F) = N@so/Nsim 23



where Ny, is the number of times the limit state function had values less or equal to zero i.e.
was in the failure zone, and N;,, is the total number of simulations.

Since the probability of failure is a priori unknown, a first number of MC samples is
established, then the variance (V) of the MC is obtained using Equation 24. If the V), is more
than 5% then the appropriate number of simulations needed is calculated and P obtained again.

Ve = \[(1 = 1r)/ (NsimPr) 24

Also, to include the prediction uncertainty of the metamodel when undertaking MC, the LSF
value can be sampled considering that each point §(X) has a mean and a standard deviation i.e.

B ~N (g Tgx))-

4.4 Stopping criteria

The stopping criteria for learning function-based methods, in some cases, can result in
additional, unnecessary iterations that may not provide any new information in the region of
interest. To overcome this, the proposed methodology uses a stopping criterion related to the
values of Pr and f. It is defined that the metamodel is locally accurate enough if Py and § do
not change significantly with the additional points. Therefore, the stopping criterion is
expressed as:

ifeg = |Bi—1 — Bil < 0.001 — stop

The flow chart describing the algorithm proposed is presented in Figure 1.
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Figure 1. Flow chart of the proposed methodology.



5. Validation of the algorithm

The proposed algorithm was validated using numerical examples that could be easily
compared with a simulation method, such as crude MC, and that were used in previous studies.
A first group of examples (Examples 1-4), presented in Table 1, with independent variables,
were chosen to compare the results of the proposed algorithm with available results from current
methods. A second group (Examples 5-7), presented in Table 3, with dependent variables, was
used to test the accuracy and efficiency of the proposed algorithm. Examples of dependent
variables using kriging-based methodologies are difficult to find, so the results were compared
with MC generated from a Gaussian copula and a standard kriging-based algorithm using LHD
as the initial DoE, U learning function and stopping criteria Upy;;, = 2 (from now on referred to
as LHD-K-U). Finally, an example of a simple supported prestressed concrete beam was
implemented, for which the proposed algorithm was compared with MC, LHD-K-U. Also, to
see the influence of the proposed initial DoE (FDoE), an FDoE-K-U algorithm was also used.

The visualization of the metamodel and the original functions was achieved using surfaces,
in which the difference between both could be observed, as well as the location of the EP. For
problems with more than two random variables, the Principal Component Analysis (PCA) was
used to reduce the space from n,,,.-D to 2-D (Principal Components PC1 and PC2) for
illustration purposes only. Details about PCA can be found in [31], [32].

Table 1. Description of the first group of examples.

Name Limit state Function Variables properties

Example 1- High

dimensional n Log-normally distributed

Case 1:n = 40 gy, e xp) = (Tl + 30\/5) - Z X variables, with p,, = 1

Case 2 n =100 i=1 and o, = 0.2.
Normally distributed

2F, Wyt
Example 2 - Single  g(m, cq,c,,7,Fy,t1) = 31 — L sin ( 0 1) . i
mwg 2 variables with
degree-of-freedom
uy =1{1,1,0.1,0.5,1,1}

[
non-linear
. C +C — 005,01,001,}
oscillator W, = f—lm : I {0.05,0.2,0.2

Example 3- High Normally distributed
- - _ 92 _ _ )3 _ : : —
nonlinear g(x1,x5) = 0.5(x; —2)* — 1.5(x, —5)° —3 variables with u,, = 0 and
o, =1
Example 4 - g(uq,uy) = expl0.4(uy + 2) +6.2] Vag;:?;g%ﬁlsmiugein d
Exponential — exp[0.3u, + 5] — 200 o _#1"
=

The results obtained for the first group of examples are shown in Table 2, for which the
proposed algorithm was compared with MC and the results obtained from previous studies. The
references provided correspond to studies demonstrated to be the most efficient algorithms. To
compare with further methods, readers can refer to [7] which contains a summary of currently
developed algorithms using the same examples. The results showed the algorithm can predict
the failure probability of the examples accurately, and it obtained a reduction in the evaluations
of the LSF (n.q15)-

Additionally, from Figure 2 and Figure 3, it is possible to visualize how the metamodels
fitted the data and the points added in the region of g(X) = 0. Also, for the examples of two
variables, the comparison between the actual function and the metamodel showed the similarity
between both.



Table 2. Results from the first group of examples.

Proposed
Example MC Reference Algorithm
1 P 1.98x 1073 1.81x 1073 33] 1.99x 1073
(n = 40) Neaus 3 x 105 112 49
1 Pr 1.73x 1073 1.65x 1073 1.75x 1073
[33]
(n=100)  n . 3 x 105 153 102
Py 2.83x 1072 2.84x 1072 2.85x 1072
2 4 [34]
Nealls 1x 106 30 15
Py 2.85x 1075 2.86x 1075 2.9x 1075
3 (33]
Nealls 3% 107 26 14
Py 3.6x 1073 3.8x 1073 3.5%x 1073
4 [35]
Nealls 3 x 107 15 9
n =40 n =100
8 e
10
61 8
= 20
>‘:24 | S0 4]
24 2
i 0.5 =
00.5 o -6 Sos . -10 9
pc2’ 05 7 S pca PC2 42 pe

Figure 2. Metamodel surfaces obtained with the proposed algorithm and the EPs obtained for
Example 1 for the case of 40 and 100 random variables.

Table 3 shows the description of the second group of examples, which consisted of
dependent variables. The results are given in Table 4. The proposed algorithm performed better
(less n.qy5) for examples 6 and 7, whereas method LHD-K-U required fewer iterations for
example 5. A value of U > 2 was reached with 9 EPs; however, the accuracy of the metamodel
was not good. However, the proposed algorithm yielded results close to those of MC. Figure 4
shows the comparison of the metamodels and original functions, from which their similarity
can be seen, and the accumulation of points in g(X) = 0.

The last example (Example 8) corresponds to the bending LSF of a simple supported
prestressed beam, described in Equations 25-27. The random variables, their distributions and
respective parameters are shown in Table 5. The variables f, and E, are correlated with a
coefficient 0.8. This example aimed to obtain the failure probability of a prestressed beam
subjected to a bending load at critical point (mid-span).
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Figure 3. Metamodel and EPs obtained for a. Example 2, b. Example 3, and c. Example 4.

Table 3. Description of the second group of examples.

Name Limit state Function Variables properties
Log-normally distributed variables, with
Example 5 g(x1,x5) = x1x, — 1140 Uy =1{30,54} 0, = {3.8,2.7}, and
Pxyx, = 0.3

5 3 Variables follow the Weibull
6 9Gux2x3) =3X1 —x1X2 X103+ X35 Giguibution p, = 0.918 o, = 0.21,

and py,x, = —0.5

Example

x4 is log-normally distributed with
Uy =5ando, =1
x, follows Gumbel distribution with
Uy =10 and g, = 10, and py ,, = 0.25

Example 7 g(x, %) = xF + x4 — 120

Example 8 was used to observe the changes in the results when using a LHD-K-U algorithm,
an algorithm with the proposed initial DoE and U criteria (FDoE-K-U), an algorithm with LHD
as the initial DoE which accounted for the points with high joint PDF using copula (LHD-K-
UCop), and the proposed algorithm (FDoE-K-Ucop).
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Table 4. Results from the second group of examples.

Proposed
Example MC LHD-K-U Algorithm
5 P 1.41x 107° 6.0x 1078 1.37x 107°
Nealls 2 %108 9 14
p Py 1.6x 107° 1.7x 107° 1.61x 107°
Ncalls 2 X 108 30 18
; Py 1.13x 1072 1.14x 1072 1.12x 1072
Necalls 2 X 104 17 12
1500 6
M del
|:|Orei§li:]ﬂol f?.m ction B Metamodel
1000 ® EPs 4 ® EPs
~
if;, 500 =
ey
0
60 0
55 -1.6
X
250 X -1.
PCl1 05 1
0
5 25 30 35 40 0.5 PC2
b.
a.

2000 . |EMetamodel

[ Original function
1500 [ ® EPs
. 1000
%
o 500
0
-500
20
10 .
PC2 O 6 7
5 O
3 4ear
C.

Figure 4. Metamodel and original function comparison with EPs obtained for a. Example 5, b.
Example 6, and c. Example 7.

9g(X) = Mg — Mp, — M, 25

Apstys (dp - ;) 26
with
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Apst;
a = c and c= PP 27
b 0.85£.B1b + kA, fou/ dy

Table 5. Random variables and statistical parameters Example 3.

Variable Distribution Mean ]S)tar.ndz}rd
eviation
Aps (m?) Normal 2.7x 1073 3.5x107°
fe(MPa) Log-normal 452 6.8
E.(MPa) Log-normal 35557 5333
fou(MPa)  Log-normal 1969 49
h(m) Normal 1.25 0.01
DL (kN/m) Normal 16.3 1.6
My (kKN.m) Gumbel 1575.6 394

The results from the different methods tested are shown in Table 6, and the obtained
metamodels with the EP are shown in Figure 5 and Figure 6. The proposed algorithm used a
the smaller number of evaluations, as well as a value of Py close to those obtained with MCs.
The use of the FDoE resulted in a reduction of n,;, in comparison with LHD-K-U.

Table 6. Reliability results from Example 8.

MC LHD-K-U FDoE-K-U ilr oposed
gorithm
P(F) 6.03x10°6 582x10°° 58I1x10°6 599x 10
B 4376 438 4385 4378
Teans  6X 10° 37 20 11

I Metamodel
e EPs

I Metamodel
® EPs

0
3. - 35 4 5 PC2 x10°
PC1 i . PCl

Figure 5. Metamodels obtained from a. LHD-K-U-MC and b. FLHD-K-U-MC.
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Figure 6. Metamodels obtained from the proposed algorithm.
6. Example application

6.1.General description

The proposed algorithm was applied to the case of an existing reinforced concrete railway
bridge. It is classified as a trough bridge because of its geometry (see Figure 7). A trough bridge
consists of two longitudinal beams supporting a slab that forms a U shape that can be filled with
ballast. The bridge was in service for 20 years and, during this period, the structure was mainly
subjected to self-weight and traffic transporting iron ore. The railway bridge was designed for
wagons with an axle load of 225 kN. The bridge was tested in a laboratory in 1996 to study its
static and fatigue behavior under the increased loads and thus, to check the remaining life
length. During the tests, displacements were measured at different points in the bridge and, due
to limitations of the frame load, the test did not continue until the structure failed. The materials
were also tested, to obtain the strength of both reinforcement and concrete at the date of the
tests.

3.8m
Figure 7. Trough bridge geometry.

6.2.Finite element modeling and calibration

The bridge was modeled using Finite Element (FE) software (ATENA Science V5.9); the
model is shown in Figure 8. The structure was modeled using 3D solid FE elements (the
isoparametric 8-node brick with eight integration points) with an average size of 10x10x10
centimeters. The reinforcement bars were modeled as embedded truss elements. The concrete
properties applied took into account the compressive and tensile tests carried out in the
laboratory. The degradation of materials due to fatigue was included in the model to simulate
the capacity of the structure more realistically. The mean compressive concrete stress obtained
was f, = 72.6 MPa, the tensile strength f; = 3.9 MPa, and the yielding stress was f, = 440
MPa.

The accumulation of damage due to fatigue and the constitutive models for the materials are
explained in [36], [37]. The wagon load was applied as a uniformly distributed load on the
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slab’s surface, for simplification. The load-displacement curves from FEM and tests were
compared to validate the model; these are also shown in Figure 8.

Element type
O £}

4

1400
1200
1000
800
600
400
200
Xz 0

restriction

distributed load

restriction

0 2 4 6 8 10 12 14 16

Figure 8. Finite Element model and load-displacement curves obtained experimentally and using FEM
(vertical axis in kN and horizontal axis in mm)

6.3.Reliability analysis and results

The reliability analysis was carried out using the limit state function in Equation 28. The
random variables are shown in Table 7. The probabilistic values were based on standards ([38],
[39]) and previous studies ([40]).

9(X) = RpRpgy — LpLy 28
where Ry, 1s the resistance of the structure given in terms of the load resisted, Ly, is the design
load, and Rp and Lg are the resistance and load uncertainty factors.

The reliability was evaluated with the proposed algorithm and the value of Py obtained was
equal to 7.25x 1078 with the respective § value being 5.258. The number of FEM models run
was 28. The accuracy of the metamodel obtained was measured using R? and Q?, which were
1.0 and 1.0, respectively. The surface of the metamodel and the group of EPs are shown in
Figure 9.

Table 7. Random variables and statistic parameters.

Variable Distribution  Mean géi?zi?(r)i FE T, GCorrelatlon Matrix
c Ec fo G Prar fu DL Lw Rp Lp
fe(MPa) Log-normal  75.0 13.5 1 09 08 06 0 0 0 0 O 0
E.(MPa) Log-normal 42084.8 631272 09 1 07 05 0 0 O O O 0
f:(MPa) Weibull 39 0.89 08 07 1 09 0 0 O O O 0
Gy (N/m) Weibull 300.0 60.0 06 05 09 1 0o 0 0 0 O 0
Brat Normal 0.07 0.007 o 0 0 o0 1 0 0 0 0 0
fu(MPa) Log-normal  607.0 42.49 o 0 0 O 0 1 0 0 0 0
DL(kN) Normal 252 2.52 o 0 0 O o o0 1 o0 o0 0
Ly, (kN) Gumbel 2414 60.35 o 0 0 O o 0 o0 1 o0 0
Rp Log-normal 1.04 0.156 o 0 0 O 0 0 0 0 1 0
Lp Log-normal 1.0 0.2 o 0 0 O o o0 0 0 o0 1

E. and Gy are the modulus of elasticity and fracture energy of concrete, respectively,
Brat is the slope of the fatigue strength in relation to the logarithm of the number of load cycles, f,, is
the ultimate tensile strength of reinforcement, and DL is the dead load consisting of the self-weight,
ballast and weight of rails.
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Figure 9. Metamodel and EP obtained in the reliability analysis.
7. Conclusions

This paper describes a proposal for a new metamodel-based algorithm for the reliability
analysis of structures. The algorithm is based on AK-MC methods. The main features of the
proposed algorithm are the implementation of a new initial DoE that allows for adding to the
metamodel's Experimental Points (EPs) lying exactly in g(X) = 0, and the use of learning
functions with copula theory as a way of enriching the DoE in the areas with high prediction
variance, near to and with the highest value at the joint PDF i.e. close to the MPP. The proposed
algorithm also suggests using a copula to generate random samples and calculate the failure
probability, since this allows a more accurate representation of dependency between variables.
Furthermore, a stopping criterion different from the ones based on learning functions is
implemented since it has been shown to be less conservative.

A group of eight examples was used to validate the proposed methodology. They consisted
of explicit limit state functions with different natures (e.g. highly nonlinear, high dimensional),
including independent, dependent, gaussian and non-gaussian variables. From the comparison
with MC and previous studies, the proposed algorithm was shown to provide accurate results,
and a good, improved efficiency (based on the number of LSF evaluations) when compared to
previous methodologies.

The example of the prestressed concrete beam (Example 8) showed how the implementation
ofthe copula, and the initial DoE, individually, helped to accelerate the algorithm's convergence
without compromising the analysis's accuracy.

The methodology was then applied to a reinforced concrete trough bridge case study, for
which the resistance was determined using FEM. It obtained a small failure probability (Pr =
7.25 x 1078), with a reasonable number of simulations needed (28). Since, for these cases,
there is no way to compare with the real LSF, the metamodel accuracy should be measured and
validated. The ten times 10-fold cross validation carried out demonstrated that the obtained
metamodel had a high level of predictability (Q2 = 1.0).
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Abstract. Itis well-known that highway bridges are frequently under cyclic load;
therefore, deterioration due to fatigue is one of the most important phenomena to
be analyzed when determining a bridge safety margin. This paper studies how
uncertainties related to fatigue models for concrete structures affect reinforced
concrete element’s reliability, and the critical parameters in fatigue damage are
investigated. To this end, a metamodel-based method is described and used to
calculate the probability of failure and reliability index values of an application
example. Metamodel-based methods have become an essential and efficient tool
to determine structural safety as the possibility to decrease the computational
cost and couple the reliability approach with nonlinear finite element analysis
(NLFEA) allows a better estimation of structural reliability. Results show how
the proposed method can reduce the computational cost of traditional reliability
simulation methods, maintaining a good accuracy.

Keywords: Meta-model - Reliability - Fatigue - Reinforced concrete - Structural
safety

1 Introduction

Railway and highway reinforced concrete bridges are continuously subjected to dynamic
loading due to traffic and the effect of fatigue is rapidly growing due to the increase in
traffic volume and vehicular weights [1]. Fatigue produces an accumulative damage in
the structure due to stress variations that lead to the development of micro-cracking and
a reduction of the structural capacity due to structural fatigue [2]. Consequently, the
number of ageing bridges has increased generating a need for assessing its reliability.
Considering that the replacement of road and railroad bridges has a great impact on
sustainability, it is then clear that more effort in determining the actual capacity of
existing bridges, considering the deterioration due fatigue should be carried out [3, 4].
Traffic loading during a structure life period varies significantly, thus it is considered
as a non-deterministic event. Therefore, probabilistic-based reliability methods are more

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
C. Pellegrino et al. (Eds.): EUROSTRUCT 2021, LNCE 200, pp. 84-92, 2022.
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adequate to predict the bridge capacity by studying different scenarios. Also, reliability
analysis can be used to understand how the different parameters of damage due fatigue
can affect the safety margin of this type of structures.

Based on the aforementioned considerations, this paper presents a reliability analysis
of areinforced concrete beam under fatigue. The purpose of this study is to contribute to
the knowledge in modeling fatigue damage of reinforced concrete structures and to show
the efficiency of metamodel-based reliability methods when using FEM modelling. In
the paper, a finite element method (FEM) model was developed to obtain the capacity of
the beam and then calibrated using the experimental results provided by Liu and Zhou
(2018) [3]. Afterwards, a metamodel-based reliability method was used to obtain the
reliability index B of the element. The influence of the different material parameters in
the capacity of the RC beam was also studied.

2 Deterministic FEM Model

A reinforced concrete beam was modelled using a FEM software and it was validated
through the comparison between the FEM results and the tests performed by [3]. The
beam has rectangular cross-section of 200 mm (width) x 400 mm (height). The rein-
forcement distribution as well as the dimensions of the beam are shown in Fig. 1. In [3],
four beams were tested, one of them (JL-1) was tested statically and the three others
(JL-2 to JL-4) were tested for fatigue. The fatigue was performed first with 1 cycle then
it was followed by 100, 1000, 10000, 200000, 500000, 100000, 200000 cycles and after
that, every 200000 until failure. The minimum load (or base load) applied in the test for
all beams was 22 kN; however, different values of the maximum load (upper limit fatigue
load) were used in each beam. In this paper the static test for JL-1 and the fatigue test
for the beam JL-2 were used for the validation. For the beam JL-2 the applied maximum
load P4, was 121 kN. The fatigue test set up and the beam details are shown in Fig. 1.

Loading distribution i()‘é(‘) 11@100 _ 3@150 ‘v
actuator beam T PH— ?15

S o . T e ° .o . T o o 400

o

R R TP A :
A A o« e
150 1500
a) b)

Fig. 1. a) Test setup for fatigue test, and b) reinforcement distribution.

The material properties were taken from the test results in [3]. The concrete strength
f’c was 30 MPa and the calculated tensile strength f; and Elastic modulus E. were
1.87 MPa and 28 GPa, respectively. For the longitudinal reinforcement, bars with diam-
eter ¢ 20 mm were used (two in the top and two in the bottom of the beam). The yielding
strength f, and ultimate strength £, are 439 MPa and 554 MPa, respectively. The stirrups
were bars with diameter ¢ 8 mm.
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The model of the beam was developed in the software ATENA science V.5.7., in
which the deterioration model of the concrete for fatigue was considered. The software
uses the fatigue model presented in Fig. 2, which shows a general case when a material
partially unloaded is subjected to a cyclic loading. During the cyclic loading, the damage
will gradually accumulate until point 3 is reached and failure occurs. It is believed that
this point is reached when the number of cycles corresponds to the Wohler formula
(Eq. 1). A more detailed explanation about the concrete constitutive model for fatigue
can be found in [5, 6].

log(N)
Isfat
N(G,.Gy)
e ——
wg = & Lt

Fig. 2. Assumptions for the fatigue model [5].

oy = 0u(N) = fi(1 = (Brur(1 — R)logN) ey

where wy, e and Lt are the crack opening, the fracture strain, and the crack band size,
respectively, o, is the upper stress level, By, is the slope of the of the fatigue strength
in relation to the logarithms of the number of load cycles N and R is the ratio between
the base and upper stress o, and o, respectively.

3 Reliability Analysis

The safety margin of an element or system can be determined by considering different
problem scenarios, such as different values for material properties or several loading
amplitudes. By doing so, the probability that the element will fail (Pf) can be calculated
and can also be expressed in terms of the reliability index . This index gives us an idea
of ‘how far’ the element is from failure (the bigger 8 is, less probable is for the element
to fail). Therefore, in this paper a reliability analysis was performed for the modelled
beam to identify which parameters influence the g value of this type of element.

The failure criteria of an element or structure is usually described through a limit-
state function G(X) = 0 where X = {x;, x2..., X,/ is the vector of parameters considered
as random variables. In this paper, it is assumed that the element has failed when the
ultimate load (P,,) determined by FEM is exceed by the load P obtained analytically for
the section at mid-span, as shown in Eq. 2:

G(X) = P,—P )
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The reliability method used is a meta-model reliability analysis which consists on
replacing the original limit-state function G(X) of the element by a metamodel or sur-
rogate function G’(X). The surrogate function can be a polynomial, artificial neural net-
work, support vector machine, or kriging, among others. In this paper a second-degree
polynomial without crossing terms (see Eq. 3) was chosen since its solution is easy to
determine and it has shown an acceptable accuracy in structural reliability for simple
elements [7].

G'(X) = a + Thix; + Tcix? 3)

where a, b;, and ¢; are the unknown coefficients of the polynomial and x; are the random
variables.

To build the surrogate functions, it is required to generate the points that will be
used to fit the new function. The design of experiments method (DOF) is normally used
to obtain these points. In this paper the mid-point DOF was implemented. An iterative
procedure is followed to construct the surrogate function and determine the reliability. In
the first iteration, the experimental points are generated as shown in Fig. 3a by selecting
one value for each variable along the original axis. In further iterations the points are
selected as shown in Fig. 3b., where the points are selected along arbitrary axis which
are the result of the rotation of the original axis (x;, x2) in such way that one of them
coincides with the direction « of the design point xp.

N o N o) ®
o e o o [ J i ]
o o o
il -t
« o .a ® . < L ] ‘(1 ®
°® o

a. b.

Fig. 3. Design of experiment for: a) mid-point method, and b) mid-point with arbitrary axis.

After the points are generated, a second-degree polynomial is fitted and then the
Second Order Method (SORM) is used to obtain the value of 8, « and xp. The method
uses several iterations until these three values are close enough to the ones in the previous
iteration. A stopping criterion based on the difference’s ratios ¢; and €2 and described
in Eq. 4 was used this paper it was used.

g1 = (Bi—1 — Bi)/Bi-1
€2 = (Xpi—1 — Xpi)/Xpi-1 4
e1&er < 0.001

The parameters considered as random variables in this paper are shown in Table 1
as well as their probabilistic properties which were chosen based on previous studies
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and some guidelines (see Table 1). The correlation between the concrete properties
is considered and the covariance matrix is given in Table 2. The value of P obtained
analytically was 80.9 kN and was calculated with the same materials properties used in
the FEM, without any additional safety factors.

The reliability index was determined to see how the consideration of uncertainties in
material properties, including fatigue factors, influence in the capacity of the beam. The
ultimate load of the beam P, was determined through the FEM model. The beam was
initially submitted to fatigue load (as it was done in the experiment) considering 200000
cycles. Afterwards, the load was gradually increased until the reaching the beam failure.

Table 1. Random variables and probabilistic parameters.

Variable Distribution type Mean Variation coef. Reference
f’c (MPa) Log-normal 38.0 0.18 [8]

E. (MPa) Log-normal 33550.5 0.15 [9, 10]

fr (MPa) Weibull 29 0.18 [9, 10]

Gy (N/m) Weibull 140.5 0.20 [9, 10]

fy (MPa) Log-normal 439.0 0.07 [11]

Brat Normal 28.5 x 1073 0.10 [11]

P (kN) Gumbel 72.3 0.06 [11]

Table 2. Correlation factors between concrete properties [8].

fle St Ec Gy
fe 1.0 0.8 0.9 0.6
ft 0.8 1.0 0.7 0.9
E. 0.9 0.7 1.0 0.6
Gy 06 09 06 1.0

4 Results

4.1 Deterministic Approach

For the static analysis, the ultimate load obtained through FEM was 250 kN and the
one obtained experimentally was 220 kN. For the fatigue analysis the load-displacement
curves obtained in the experiment for the same maximum load but for different cycles.
The curves are compared with those obtained from the FEM and they are shown in Fig. 4.

After 200000 cycles in the fatigue test, the experimental strain measured in tension
for the bottom longitudinal bars was approximately 0.00085 and from the model, a value
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0.0016 for both bars (i.e., 0.0008 for a single bar) was obtained. For concrete, the strain
in the compression zone (top surface) measured in the experiment was about 0.0011 and
from the FEM a value of 0.0010 was obtained.
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Fig. 4. Comparison between the FEM and experimental load-displacement curves.

Figure 5a and Fig. 5b show the strains in the reinforcement and concrete, respectively.
Due to symmetry, only half of the beam was modelled. The crack pattern calculated in
the FEM model showed the same vertical flexure cracks in the middle of the beam that
were obtained in the experiment (see Fig. 5b).

4.2 Reliability Approach

The reliability analysis was performed using the metamodel-based method in which the
limit-state function was substituted by a second-degree polynomial, (see Sect. 3 above).
The values for the reliability index 8 and probability of failure Py are shown in Table
3, as well as the number rn-calls (i.e., the number of required simulations) of the FEM
needed to obtain the surrogate function G’(X).

The value of the reliability index is close to the B4rge; = 3.1 recommended in [9]
for the case of structures of low consequences of failure in an ultimate limit state with a
reference period of 50 years. However, this beam was designed just for a lab test and the
Biarger can be low for structures with high consequences of failure. Hence, depending
on the type of structure service purposes, the value of 8 must be compared with other
Brarger. In cases where B is lower than the target value, it can be affirmed that the element
does not longer fulfill the requirements for which it was built; therefore, the element will
require a type of intervention (e.g. strengthening, replacement).
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Fig. 5. Fatigue strains after 200000 cycles in: a) reinforcement bars, and b) concrete.

Table 3. Reliability analysis results.

B Py n-calls
4.032 277 x 107 67

The number of simulations needed to obtain a convergence of the reliability analysis
was low if compared with the large number of simulations that are usually required
in other simulation methods, such as the traditional Monte Carlo as affirmed in [12].
Therefore, it can be pointed out that when the methodology herein is applied for analyzing
structures, a reduction in the computational effort can be achieved.

When performing the SORM, it is possible to obtain information regarding the
variables for which the function G(X) is more sensitive. This information came from the
sensitivity factors or directions, cosine «, of the design point X p. The sensitivity factors
are shown in Table 4.

Table 4. Sensitivity factors obtained in the SORM.

Variable fe E. St Gy fy Brat P
o 0.52 0.62 0.50 0.63 0.09 0.49 0.75

For the beam studied here, it was identified the load P as the more sensitive parameter
following by the concrete properties. As P is the only external load acting in the beam,
it takes an important role in the determination of the reliability of the element. From
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the concrete properties, it was seen that as they are correlated, similar sensitivity factors
were obtained. The property f presented the smallest sensitivity between the random
variables analyzed. One of the reasons for this, is that the coefficient of variation of
fy was one of the lowest among the analyzed variables. Therefore, for the random
values considered, the response of the element did not change significantly. Also, it is
interesting to highlight that the deterioration parameter B, due to fatigue obtained a
significant sensitivity in the determination of the reliability of concrete reinforced beams.
This behavior was observed despite of having a coefficient of variation smaller than f,
which highlights the influence of fatigue loading on the overall behavior of the element.

5 Conclusions

This paper presented a reliability analysis of a reinforced concrete beam using a
metamodel-based methodology aimed to obtaining the safety margin of the element
without a high computational effort. Using this methodology, only 67 models were
needed to obtain the probability of failure (if compared with a traditional Monte Carlo
that will require a high number of iterations).

The methodology used required the development of a finite element deterministic
model of a reinforced concrete beam under cycle loading. The model considered the
deterioration of the element due to fatigue and it was calibrated based on experimental
data. The model was able reproduce the element behavior in a close way when compared
to the real experiment.

From the reliability analysis, it was seen that the parameters that had a major influ-
ence in the determination of 8 (for the probabilistic parameters herein established) were,
as expected, the load P since it was the only demand for the element. Also, concrete
properties presented high sensitivity coefficients since they are representing the resis-
tance of the element. However, the slope of the of the fatigue strength in relation to the
logarithms of the number of load cycles, By, which is related to the damage in the ele-
ment due to cycling load showed a significant sensitivity than the yielding strength of the
reinforcement. Therefore, it can be concluded that experimental data for B, is needed
to determine more accurately the probabilistic parameters and uncertainties variation in
the fatigue damage prediction for reinforced concrete structures.
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