
Structural Engineering International

ISSN: 1016-8664 (Print) 1683-0350 (Online) Journal homepage: www.tandfonline.com/journals/tsei20

An Improved Metamodel-Based Algorithm Using
Copula Theory for Assessing Reliability Analysis of
Structures using FEM

Silvia J. Sarmiento PhD Student, Alan O’Connor Prof., Jaime González-
Libreros Associate Senior Lecturer & Gabriel Sas Prof.

To cite this article: Silvia J. Sarmiento PhD Student, Alan O’Connor Prof., Jaime González-
Libreros Associate Senior Lecturer & Gabriel Sas Prof. (05 Aug 2025): An Improved Metamodel-
Based Algorithm Using Copula Theory for Assessing Reliability Analysis of Structures using
FEM, Structural Engineering International, DOI: 10.1080/10168664.2025.2517059

To link to this article:  https://doi.org/10.1080/10168664.2025.2517059

© 2025 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group

Published online: 05 Aug 2025.

Submit your article to this journal 

Article views: 673

View related articles 

View Crossmark data

Citing articles: 1 View citing articles 

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=tsei20

https://www.tandfonline.com/journals/tsei20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/10168664.2025.2517059
https://doi.org/10.1080/10168664.2025.2517059
https://www.tandfonline.com/action/authorSubmission?journalCode=tsei20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=tsei20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/10168664.2025.2517059?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/10168664.2025.2517059?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/10168664.2025.2517059&domain=pdf&date_stamp=05%20Aug%202025
http://crossmark.crossref.org/dialog/?doi=10.1080/10168664.2025.2517059&domain=pdf&date_stamp=05%20Aug%202025
https://www.tandfonline.com/doi/citedby/10.1080/10168664.2025.2517059?src=pdf
https://www.tandfonline.com/doi/citedby/10.1080/10168664.2025.2517059?src=pdf
https://www.tandfonline.com/action/journalInformation?journalCode=tsei20


An Improved Metamodel-Based Algorithm Using Copula 
Theory for Assessing Reliability Analysis of Structures using 
FEM
Silvia J. Sarmiento, PhD Student, Luleå University of Technology (LTU), Luleå, Sweden; Alan O’Connor, Prof., Trinity College Dublin, 

Dublin, Ireland; Jaime González-Libreros, Associate Senior Lecturer; Gabriel Sas, Prof., Luleå University of Technology (LTU), Luleå, 

Sweden. Contact: jaime.gonzalez@ltu.se

DOI: 10.1080/10168664.2025.2517059

Abstract

Reliability analysis is crucial for evaluating structural performance, and 
advancements in computational technologies have enhanced the application of 
Finite Element Modeling (FEM) in this field. However, existing reliability 
methods face challenges, particularly with approximation methods that struggle 
with implicit limit state functions and simulation methods with cost. Metamodel- 
based approaches have gained popularity for their balance of efficiency and 
accuracy, yet most algorithms focus on independent variables. This paper 
presents an improved metamodel-based algorithm designed to assess structural 
reliability while considering variable dependency and FEM. The algorithm 
provides a methodology that ensures a rapid convergence of the iterative process 
when building the metamodel in the region of interest, i.e. where the Most 
Probable Point (MPP) is located. It uses a modified Design of Experiments 
(DoE) and integrates copula theory to model the joint probability distribution 
function (PDF). The algorithm enriches the experimental points matrix by 
finding points close to the Limit State Function (LSF) at 0 with high prediction 
variance using learning functions and with high joint PDF values using copula 
theory. Validation through various examples and an application example of a 
reinforced concrete bridge indicates that the proposed methodology is more 
efficient than most recent algorithms without reducing accuracy.

Keywords: reliability; structures; metamodel; kriging; copula; finite element 
modeling.

Introduction

In structural engineering, reliability 
analysis is a process to ensure/assess a 
structure’s safety, functionality, and 
lifespan. Therefore, it plays an essen
tial role in structural engineering. 
Reliability analysis has become an 
increasingly important tool in struc
tural engineering, given advances in 
technology and modeling techniques, 
allowing engineers to identify and 
address potential issues before they 
become significant problems.

Finite Element Modeling (FEM) has 
become increasingly popular over the 
years when evaluating a structure’s 
reliability since it allows an accurate rep
resentation of the structure/element be
havior. In those cases, the evaluation of 
the limit state functions (LSF), typically 
characterized implicitly, is expensive 
and nonlinear.1,2 For this type of LSF, 

methods such as MVFOSM, FORM, 
and SORM (local reliability methods) 
are challenging for high-dimensional 
and high-nonlinear problems,1–5 and 
simulation methods, such as Monte 
Carlo (MC), are too expensive although 
many problems still use MC for these 
cases. As an alternative, surrogate 
models have been used instead to 
replace the original time-consuming FE 
model. This approach in reliability 
analysis is commonly referred to as a 
metamodeling technique. Metamodel
ing techniques include the response 
surface method (RSM), polynomial 
chaos expansion, kriging model, 
support vector regression, and neural 
networks. Their differences rely on the 
type of surrogate model implemented.

The kriging model is widely used due to 
its exact interpolation nature and 
elegant stochastic properties.6,7 In the 
case of kriging models, learning 

functions (LFs) have played a signifi
cant role when searching for points in 
the set of DoE (Experiment Design) 
samples. An LF can be defined as a con
venient mathematical function that 
weighs the metamodel properties to 
identify the most suitable candidate 
for enhancing the DoE. Several learn
ing functions have been proposed over 
the years. Of them, a popular one is 
the Expected Feasible Function (EFF) 
developed by Ref. [8], which looks for 
points expected to be located close to 
the LSF. However, the search is 
applied across the whole space instead 
of focusing only on the boundary. 
Others include the U function proposed 
by Ref. [9] which selects points by con
sidering the wrong classification prob
ability, and the H function presented 
by Ref. [10] based on the information 
entropy. Of the existing LFs, the U 
learning function is widely used 
because of its simplicity and the fact 
that it enables easy identification of 
the point with the highest probability 
of misclassification.6

In literature, metamodel techniques 
using kriging models, learning functions, 
and MC simulations are referred to as 
AK-MC methods. Comprehensive lit
erature reviews of metamodel-based 
methods are given in Refs. [11,12] 
describing the different surrogate 
models and adaptive methods devel
oped. Despite the number of publi
cations in the area of improved AK- 
MC methods, there are still some 
issues to be solved when dealing with 
structural reliability problems, especially 
when using FEM. As pointed out by 
Ref. [6] the existing learning functions 
used to enrich the DoE can be ineffi
cient for cases with a small probability 
of failure, as shown in the examples 
summarized in Refs. [11,12] from 
which the number of calls of the limit 
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state functions is around or more than 
one hundred. Also, in the active learning 
process, the most frequently used stop
ping criteria are based on the values of 
learning functions EFF and U. 
However, it is argued that both focus 
more on the accuracy near the limit 
state rather than the probability of 
failure itself,13,14 making them more 
conservative and needing a larger 
number of samples.6

Furthermore, engineering problems’ 
random variables are most likely non- 
normal and can be dependent.15

However, most existing methods focus 
on cases with independent variables.16

In reliability analysis, there are two 
ways to deal with correlated random 
variables: the Rosenblatt transform
ation17 and the Nataf transformation.18

The former can yield accurate results, 
but the main drawback is that the joint 
PDF must be known, which is usually 
unavailable.16 The latter is widely used 
because it only requires the marginal 
PDFs and correlation coefficients to 
transform the dependent variables into 
independent ones.19,20 More recently, 
the use of copulas has been of interest 
to represent the correlation and joint 
PDF of dependent random variables 
(e.g. Refs. [21–27]).

One advantageous characteristic of 
copula models is their adaptability, 
whereby any joint distribution can be 
expressed as a combination of mar
ginal distributions and a copula func
tion with equivalent results.28 While 
there has been a growing interest in 
metamodel-based reliability methods, 
the explicit integration of copula- 
based dependence modeling into 
kriging-based algorithms remains 
very limited. To the best of our knowl
edge, only the study by Ref. [22] has 
applied copula theory within an adap
tive Kriging framework for reliability 
and sensitivity analysis of aging dams. 
However, a copula-based active learn
ing process designed to improve accu
racy and efficiency, particularly for 
problems involving FEM, has not yet 
been proposed or implemented.

Generally, good techniques have been 
proposed to improve the efficiency 
and accuracy of kriging-based meta
model reliability analysis. However, 
they mainly focus on the global rep
resentation of the limit state functions, 
which has two main implications. The 
first one is that, for structural 
reliability problems where the aim is 
to construct the metamodel locally, a 

significant percentage of experimental 
points (EP) obtained through the exist
ing methods are not helpful since they 
are located far from the failure zone. 
Therefore, unnecessary time and com
putational effort are expended.

Importance Sampling (IS) has been 
successfully introduced into the con
cepts of metamodeling for reliability 
problems to overcome the issue men
tioned above, e.g. Refs. [29–35] which 
aims to concentrate the samples in 
the vicinity around the most probable 
failure point (MPP) (also known as 
design point). Although IS provides a 
good alternative, it requires solving 
the optimization problem to find the 
MPP, and its accuracy depends on the 
proposal distribution selection. Adap
tive IS methods have been proposed 
to solve some of these issues, but in 
turn, they become more complex.

This study addresses these challenges 
by combining the strengths of Kriging 
metamodeling and copula theory. 
Copula offers another solution for 
finding samples in the failure zone in 
a more practical way and allows for 
an easy and accurate introduction of 
the variables’ correlation. The pro
posed methodology aims at reducing 
the number of simulations when using 
FEM and ensuring that the structure’s 
safety levels are adequately obtained. 
The algorithm introduces an adaptive 
learning strategy that selects new 
samples based on three criteria: (1) 
high prediction uncertainty (via the U 
function), (2) proximity to the limit 
state function (LSF ≈ 0), and (3) high 
joint PDF value. This ensures that 
new samples are not only informative 
but also concentrated near the failure 
domain, thereby improving accuracy 
and efficiency without requiring optim
ization to locate the MPP. In addition, a 
combined stopping criterion is 
implemented, which considers both 
the stability of the estimated failure 
probability and the convergence of sur
rogate model predictions. The joint 
PDF is constructed using copula func
tions, which combine marginal distri
butions with specified dependence 
structures, allowing accurate modeling 
of non-Gaussian and correlated input 
variables. The proposed method was 
first validated using benchmark pro
blems with known solutions, and then 
applied to a practical case involving a 
reinforced concrete trough bridge 
modeled with FEM.

This paper briefly introduces kriging 
and copula theories in Sections 2 and 
3, respectively. The proposed algor
ithm is described in Section 4, and 
Section 5 presents a group of nine (9) 
examples to validate the algorithm’s 
accuracy and efficiency. Section 6 con
tains a case study of a reinforced con
crete bridge, for which reliability was 
determined using the proposed meth
odology. Nonlinear Finite Element 
Analyses (NLFEA) were carried out 
to evaluate the structure’s ultimate 
capacity. Finally, in Section 7, the con
clusion is presented.

Kriging Theory

The kriging model, also known as the 
Gaussian Process Regression, is a stat
istical interpolation method based on 
the realization of a Gaussian process. 
It uses a set of weighted averages of 
nearby observed data points, with the 
weights determined by the spatial dis
tance between the points and the 
degree of spatial correlation. The 
kriging model provides not only a pre
dicted value but also an estimate of the 
prediction error, which can be used to 
quantify the uncertainty of the predic
tion. The kriging surrogate function 
(ĝ(X)) of the original LSF (g(X)) is 
shown in Eq. (1):

ĝ(xi) = f T(xi)b̂+ z(xi) (1) 

where f T(xi) is the basis function, b̂ is 
the vector of the regression coefficients, 
and z(xi) is a stationary Gaussian 
process with zero mean, variance s2

Z, 
and covariance expressed by Eq. (2):

CoV[z(xi), z(xj)] = s2
ZR(xi, xj; u) 

where R(xi, xj; u) is a correlation func
tion between the experimental points xi 
and xj, and u is a vector of undetermined 
correlation parameters. The most widely 
used correlation is the Gaussian corre
lation function36 expressed as:

R(xi, xj; u) =
􏽙M

m=1

exp[− um(xm
i − xm

j )2]

(3) 

where xm
i is the mth component of xi.

The trend of the basis function f T(xi) is 
usually adopted as constant. In that 
case, the model is called ordinary 
kriging. Other trends, such as the 
linear or quadratic polynomials, can 
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also be used. The prediction error, that 
is, the metamodel uncertainty, is 
modeled and accounted for in the 
reliability analysis by randomly gener
ating the prediction value from the 
prediction distribution, which is 
assumed to be normal with mean 
mĝ(X) and variance s2

ĝ(x) :

mĝ(x) = f T (X)b̂+r(X)TR− 1(g− Fb̂) (4) 

s2
ĝ(X) = s2

Z{1 − r(X)TR− 1r(X)+

[FTR− 1r(X) − f (X)]
T

(FTR− 1r(X)F)
− 1

[FTR− 1r(X) − f (X)]}

(5) 

where g is the vector of the original 
limit state function responses, r(x) is 
the vector of cross-correlations 
between the prediction point X and 
each one of the observations, and F is 
the design matrix of the kriging meta
model trend.

According to the Gaussian process 
regression theory, the structural 
response of X is subjected to a 
normal distribution as:

G(X) ≏ N(mĝ(X), sĝ(X) ) (6) 

The most widely used learning func
tion used with kriging models is the 
U(X) function, which is shown in Eq. 
(7):

U(X) = |ĝ(X)|/sĝ(X) (7) 

where ĝ(X) is the kriging limit state 
function, and sĜ(X) is the kriging stan
dard deviation.

The learning function’s objective is to 
identify the best next point to be 
added to the EP. This can be done by 
finding the point, xnext, that minimizes 
the function U(X), as shown in Eq. 
(8) since a small value of U(X) 
means either ĝ(X) is close to zero or 
sĝ(X) is significant. A value that mini
mizes the learning function will have a 
higher probability of being close to the 
limit ĝ(X) = 0 (the region of inter
est).19 Once the best point xnext is 
identified, it is added to the EP, 
improving the accuracy of the meta
model. This procedure iterates until 
the stopping criterion Umin(X) ≥ 2 is 
satisfied. This criterion was suggested 
by Cox and John (1997) since 
U(X) = 2 corresponds to the case of 
the sample being correctly classified 

with a probability of f(2) = 0.977.

xnext = arg min
x

U(X) (8) 

The coefficient of determination R2 is 
calculated to check the data fitting of 
the metamodel using Eq. (9). Values 
of R2 closer to 1 represent a better 
fitting of the data.

R2 = 1 −
􏽐n

i=1 (g(xi) − ĝ(xi))2

􏽐n
i=1 (g(xi) − g̅(xi))2 (9) 

where g(xi) and ĝ(xi) are the values of 
the original and surrogate limit state 
functions for the points xi, respectively, 
and g̅(xi) is the mean of the original 
responses.

A good metamodel is not just one that 
succeeds in fitting the data but can also 
predict the response in points where 
there is no information. Thus, tech
niques such as Cross-Validation (CV) 
(commonly used in Machine Learning) 
have been developed to validate and 
improve the metamodel’s construc
tion. In this study, a ten times 10-fold 
CV was implemented, and an effective 
measure of error was used, that is the 
squared predictability correlation 
coefficient Q2 (see Eq. 10). For each 
fold, the coefficient Q2 is obtained, 
then the average of all the coefficients 
is calculated (Eq. 11).

Q2
p = 1

−

􏽐n
i=1 (g(xi,p) − ĝ(xi,p))2

􏽐n
i=1 (g(xi,p) − g̅(xi,p))2 (10) 

Q2 = (1/n)
􏽘n

p=1

Q2
p (11) 

where xi,p represents the test data 
points of each fold.

Generally, a good fitting and predic
tion of the data are given by coeffi
cients R2and Q2 with values above or 
equal to 0.7. If values below 0.7 are 
obtained for either R2 or Q2, 
additional EPs need to be included in 
the metamodel to increase its accuracy.

Copula Theory

Copulas are statistical tools that model 
and study the dependence between 
random variables. They were intro
duced in the early 1950s by Sklar28 as 
a way to separate the marginal distri
butions of a multivariate random 

variable from its dependence struc
ture. They can be defined as functions 
that link or “couple” the multivariate 
distribution functions to their corre
sponding one-dimensional marginal 
distribution functions.37 Copulas are 
especially useful for modeling and ana
lyzing data with non-normal and non- 
linear dependencies, where traditional 
multivariate techniques may be 
inadequate.

A copula can be defined as a multi
variate cumulative distribution func
tion (CDF) in which the variables are 
uniformly distributed ≏ Unif (0, 1).25

There exist different types of copulas, 
including Archimedean copulas,38,39

and elliptical copulas.40 Each type has 
its properties and applications; a 
description of copulas and their 
characteristics can be found in Ref. 
[37]. Mathematically, a copula function 
C(u1, u2, . . . , un) in the n-dimensional 
probability distribution on a unit 
hypercube [0, 1]n is defined as24:

C(u1, u2, . . . , un)

= Pr[U1 ≤ u1, . . . , Un ≤ un] (12) 

where ui is a sample of a standard 
uniform variable Ui ≏ Unif(0, 1) and 
Pr[ · ] is the probability.

If F denotes the joint CDF of the orig
inal random variables X, and Fi rep
resents the marginal CDF of Xi, F 
can be expressed in the terms of the 
marginals and the copula function as:

F(x1, x2, . . . , xn)

= C(F1(x1), . . . , Fn(xn)) (13) 

Sklar’s theorem establishes that there 
is always a copula function C that 
satisfies Eq. (13) for any given joint 
distribution.28,41 A key advantage of 
copulas is that C(u1, u2, . . . , un) is 
invariant even when the original 
random variables Xi(i = 1, .., n) 
undergo strictly monotonic 
transformations.24,28

Since this study is focused on structural 
reliability problems, for which random 
variables have continuous marginal 
distributions and linear correlation 
represented by the linear Pearson cor
relation coefficient r(Xi, Xj), the 
Gaussian copula is used to describe 
the joint PDF of the variables. 
However, it is important to note that 
the Gaussian copula assumes that the 
dependence structure is linear, which 
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may only be appropriate for some data 
types. However, alternative copula 
models, such as the Archimedean or 
the vine copula, may be more suitable.

One of the most used copulas is the 
Gaussian copula, an elliptical copula 
that assumes normal marginal distri
butions. One relevant property of the 
Gaussian copula is that it is easy to 
simulate. Thus, it can generate syn
thetic data with the same dependence 
structure as the original data, which is 
helpful in many applications, such as 
MC simulation. It is called “Gaussian” 
because it uses the Gaussian distri
bution function as its building block 
for constructing the joint distribution 
of variables. Furthermore, the Gaus
sian copula has some attractive math
ematical properties, such as the 
ability to model both positive and 
negative dependencies between vari
ables and the ability to handle high- 
dimensional data. It is also computa
tionally efficient and can be easily 
implemented in practice.

The joint PDF p defined in terms of the 
copula is given by:

p(x1, x2, . . . , xn)

= c(u1, u2, . . . , un)
􏽙n

i=1

pXi (xi) (14) 

with

un = FXn (xn) (15) 

where pXi (xi) is the marginal PDF and 
c(U) is the joint PDF of the copula 
function denoted as:

c(u1, u2, . . . , un)

=
∂nC

∂u1 . . . ∂un
(u1, u2, . . . , un) (16) 

If FXi has generalized inverse function, 
F − 1

Xi 
then Eq. (13) can be rewritten as:

F(F − 1
x1

(u1), F − 1
x2

(u2), . . . , F − 1
xn

(un))

= C(u1, u2, . . . , un)

(17) 

Equation (17) shows how a multi
variate distribution copula function is 
constructed with the marginal distri
butions. As a member of the elliptical 
family, Gaussian copulas can be 
defined as the joint normal CDF of 
multiple standard normal variables. 
For the two-dimensional copula 

function, the corresponding CDF and 
PDF are, respectively:

C(u1, u2; r)

= FG(F− 1(u1), F− 1(u2); r)

=

􏽚F− 1(u1)

− 1

􏽚F− 1(u2)

− 1

1

2p(1 − r2)1/2

exp
− (s2 − 2rst + t2)

2(1 − r2)

􏼒 􏼓

dsdt

(18) 

c(u1, u2, . . . , un; r) =
1
��������
1 − r2

􏽰 exp

−
F− 1(u1)2

+F− 1(u2)2
− 2rF− 1(u1)F− 1(u2)

2(1 − r2)

􏼠 􏼡

· exp −
F− 1(u1)2

+F− 1(u2)2

2

􏼠 􏼡

(19) 

where F is standard normal CDF, F− 1 

is the inverse standard normal distri
bution, and r is a correlation 
parameter.

Using Eqs. (18 and 19), the joint CDF 
(F(x1, x2)) and PDF f (x1, x2) of the 
variables x1 and x2 are obtained as:

F(x1,x2)=C(u1,u2;r)=C(F1(x1),F2(x2);r)

=FG(F− 1(F1(x1)),F− 1(F2(x2));r)

(20) 

F(x1,x2)=c(u1,u2;r)f1(x1)f2(x2)

=c(F1(x1),F2(x2);r)f1(x1)f2(x2)

(21) 

In conclusion, the joint PDF of the 
random variables can be assessed by 
multiplying the copula’s PDF and the 
marginal PDFs as illustrated in Eq. 
(21).

Proposed Algorithm

The proposed algorithm novelty lies in 
three main strategic choices to 
enhance the convergence speed of 
the reliability analysis while maintain
ing an acceptable level of accuracy. 
The choices include 1. an enhanced 
and straightforward initial Design of 
Experiments (DoE) for cases in 
which non-linear FE modeling is 
used, 2. the use of Copula Theory for 
Joint PDF Calculation and selecting 
the next best point, and 3. convergence 
criteria are based on the reliability 
index and the probability of failure 
values. The following sections present 
a more in-depth explanation of these 
three areas.

Initial DoE

The initial DoE plays an important 
role when building a metamodel since 
it defines the region where the first 
search of the MPP is carried out. 
Most of the current initial DoEs are 
guesses of where this optimum can be 
located, with the effectiveness of the 
convergence dependent on how good 
this first guess is.

When building a metamodel for 
reliability analysis, the aim is to rep
resent the region where g(X) = 0. 
Therefore, an initial Design of Exper
iment (DoE) can be created to 
improve the efficiency and accuracy 
of the algorithm, with points that lie 
precisely on g(X) = 0 rather than 
making a guess. In structural engineer
ing, the limit state function is usually 
formulated as shown in Eq. (22), in 
which R is the resistance of the 
element/system and L is the load and/ 
or load effect. The safety levels of a 
structure are measured using the 
probability Pf such that R ≤ L. There
fore, the value of g(X) = 0 is when 
L = R.

g(X) = R − L (22) 

The proposed DoE consists of generat
ing a first set of nvar+1 samples using a 
Latin Hypercube Design (LHD), 
where nvar is the number of random 
variables, providing an initial 
mapping of the random space. Then, 
a new set nvar+1 points are added to 
the DoE matrix without requiring 
additional model runs. These 
additional points retain the same 
values as the generated initially with 
the LHD, but only for the random vari
ables that feed the finite element (FE) 
model. Using the same FE model 
results, the demand value at g(X) = 0 
is when L = R.

This methodology is particularly appli
cable to nonlinear FE modeling, as the 
nonlinear response of the structure 
will provide either the ultimate 
capacity (R) of the structure or the 
load (L) at failure (g(X) = 0). This 
methodology was employed and 
tested in the present study to deter
mine whether it can enhance the effi
ciency and accuracy of the algorithm.

Enrichment of the EP

One of the most important aspects 
when building a metamodel is to 
select an appropriate methodology to 
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enrich the matrix of experimental 
points (EPs). The added EPs influence 
how many iterations will be required 
to converge and obtain an accurate 
version of the LSF. Also, they deter
mine how well the failure zone is 
represented.

Learning functions have been popular 
for kriging since they take advantage 
of the model’s information, such as 
the prediction variance, which 
increases the model’s accuracy. 
However, developed learning func
tions usually suggest that the points 
to be added to the metamodel are 
points with the highest prediction var
iance. Thus, the model’s accuracy 
increases globally. However, learning 
functions do not address the necessity 
of effectively representing the zone 
where the MPP is located i.e. it might 
not be locally targeted. Furthermore, 
evaluating the structure’s reliability is 
typically a local matter since the main 
objective is to find the value of Pf 
and b, which are related to the MPP.

The evaluation of the joint PDF can be 
used to find the candidate point close 
to the MPP. This algorithm uses a 
group of samples generated from a 
copula function, from which points 
with low U values (U < 2) and high 
joint probability are identified. 
Copula functions can be implemented 
to evaluate the joint PDF accurately. 
It is known that for structures, such 
as concrete structures, the parameters 
involved are most likely correlated 
(e.g. concrete compressive strength 
and modulus of elasticity), and 
although a simplification can be made 
by setting some of the parameters as 
deterministic, including the correlation 
is a more realistic representation of the 
actual problem. Furthermore, the 
copula offers a solution to represen
tation of the joint PDF, considering 
the correlation between the variables. 
Thus, in this paper, the use of copulas 
is proposed to choose the points to 
be added to the metamodel. Together 
with the learning function U and the 
copula function, the best candidate is 
selected considering (1) that the point 
has high uncertainty of prediction, (2) 
it is close to g(X) = 0 and (3) it is 
close to the MPP.

Calculation of Pf and b

After selecting the EPs, the kriging 
function is fitted to the provided 
points. To select the best kriging func
tion, the points are fitted to an 

ordinary, linear and quadratic kriging. 
Using Leave One Out (LOO) cross 
validation, the model with lowest 
error can be chosen. Once the meta
model is built and its accuracy has 
been verified, samples are generated 
from the copula function and a MC 
simulation is implemented to evaluate 
the probability of failure using Eq. 
(23):

P(F) = Nĝ≤0/Nsim (23) 

where Nĝ≤0 is the number of times the 
limit state function had values less or 
equal to zero i.e. was in the failure 
zone, and Nsim is the total number of 
simulations.

Since the probability of failure is a 
priori unknown, the first number of 
MC samples is established, then the 
variance (VMC) of the MC is obtained 
using Eq. (24). If the VMC is more 
than 5% then the appropriate 
number of simulations needed is calcu
lated and Pf obtained again.

VMC =

���������������������

(1 − pf )/(NsimPf )
􏽱

(24) 

Also, to include the prediction uncer
tainty of the metamodel when under
taking MC, the LSF value can be 
sampled considering that each point 
ĝ(X) has a mean and a standard devi
ation i.e. ĝ(X) ≏ N(mĝ(X), sĝ(X)).

Stopping Criteria

The stopping criteria for learning func
tion-based methods, in some cases, can 
result in additional, unnecessary iter
ations that may not provide any new 
information in the region of interest. 
To overcome this, the proposed meth
odology combines three stopping cri
teria to ensure reliable estimation of 
Pf while avoiding unnecessary model 
enrichment. The criterion is based on 
three conditions defined in Eq. (25): 
(i) the relative error of the estimated 
failure probability (P f ,err< 0.01), ensur
ing sufficient accuracy in the predic
tion; (ii) the relative width of the 
confidence bounds on Pf estimate, 
(P f ,w , 0.1), quantified as the ratio 
shown in Eq. (25); and (iii) the fraction 
of unexplored critical regions near the 
limit state, defined by a learning func
tion threshold (Uconf < 0.001), which 
accounts for model uncertainty in 
important areas. The active learning 
process terminates only when all 
three conditions are met, thus avoiding 

excessive enrichment far from the limit 
state and improving computational 
efficiency without compromising 
reliability.

P f ,err =
P f ,i − P f ,i− 1

P f ,i

P f ,w =
P+f − P−f

Pf

Uconf =
Nu,2

NT

(25) 

where P f ,i and P f ,i− 1 are the probabil
ities of failure in iterations i and i−1, 
P+f and P−f are the probabilities of 
failure derived from the surrogate’s 
95% confidence interval, Nu,2 is the 
number of points with U-LF value 
below 2.0 and NT is the total number 
simulations.

The flow chart describing the proposed 
algorithm is presented in Fig. 1.

Validation of the Algorithm

The proposed algorithm was validated 
using numerical examples that could 
be easily compared with a simulation 
method, such as crude MC simulations, 
and that were used in previous studies. 
A first group of examples (Examples 
1–5), presented in Tables 1 and 2, 
with independent variables, were 
chosen to compare the results of the 
proposed algorithm with available 
results from current methods. A 
second group (Examples 6–10), pre
sented in Tables 8 and 13, with depen
dent variables, was used to test the 
accuracy and efficiency of the pro
posed algorithm.

Additionally, an analysis of how the 
choice of learning function used in 
the proposed algorithm influences its 
accuracy and efficiency is carried out. 
Five additional learning functions 
were selected for this analysis, which 
are EFF,42 ERF,43 H,10 EI,44 and 
REIF.44 For comparison, a Pf error 
(1Pf (%)) is calculated using Eq. (26):

1Pf (%) =
P f ,MC − P f ,LF

P f ,MC
× 100 (26) 

where P f ,MC and P f ,LF are the failure 
probability obtained with MC and 
using each learning function, 
respectively.

The results obtained for the first group 
of examples are shown from Tables 3– 
7, for which the proposed algorithm 
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was compared with MC and the results 
obtained from previous studies. The 
references provided correspond to 
studies demonstrated to be the most 
efficient algorithms. To compare with 
further methods, readers can refer to 
Ref. [11] which contains a summary 
of currently developed algorithms 
using the same examples. The pro
posed algorithm was run ten times for 
each example, and the results pre
sented correspond to the mean value.

The results from the first group of 
examples showed the algorithm can 
predict the failure probability of the 
examples accurately, with a maximum 
difference from the MC value of 
1.11%. Additionally, in most cases it 
obtained a reduction in the evaluations 
of the original LSF (ncalls). For the case 

of highly non-linear LSF (examples 2 
and 3), the proposed algorithm per
formed with similar efficiency to pre
vious methods that showed high 
efficiency. It is relevant to highlight 
that ncalls does not account for the evalu
ations of the metamodel but only for the 
evaluations of the original LSF, which 
determines the computational cost.

The visualization of the metamodel 
and the original functions was 
achieved using surfaces, for examples 
with 2 random variables, in which the 
difference between both could be 
observed, as well as the location of 
the EP. From Fig. 2, it is possible to 
visualize how the metamodels fitted 
the data and the points added in the 
region of g(X) = 0, and the compari
son between the actual function and 

the metamodel showed the similarity 
between both.

Table 8 shows the description of the 
second group of examples with depen
dent variables. Examples 6–8 of depen
dent variables using kriging-based 
methodologies are difficult to find, so 
the results were compared with MC 
generated from a Gaussian copula 
and a standard kriging-based algor
ithm using LHD as the initial DoE, U 
learning function and stopping criteria 
Umin≥2 (from now on referred to as 
LHD-K-U). To compare the proposed 
algorithm with more recently devel
oped metamodel-based methods, 
Example 9, a high-dimensional steel 
frame (see Fig. 3 and Tables 9 and 10) 
problem with dependent variables, is 
presented.

Fig. 1: Flow chart of the proposed methodology
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Name Limit state function Variables properties

Example 1- High dimensional 
Case 1: n = 40 
Case 2: n = 100

g(x1, . . . , xn) = n+ 3s
��
n
√( 􏼁
−
􏽐n

i=1
xi Log-normally distributed variables, with 

mx = 1 and sx = 0.2.

Example 2 - Single degree-of- 
freedom non-linear oscillator

g(m, c1, c2, r, F1, t1) = 3r −
2F1

mw2
o

sin
wot1

2

􏼐 􏼑􏼌
􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
􏼌

wo =

��������
c1 + c2

m

􏽲

Normally distributed variables with  
mx = {1, 1, 0.1, 0.5, 1, 1}  

sx =
0.05, 0.1, 0.01,

0.05, 0.2, 0.2

􏼚 􏼛

Example 3- High nonlinear g(x1, x2) = 0.5(x1 − 2)2
− 1.5(x2 − 5)3

− 3 Normally distributed variables with 
mx = 0 and sx = 1

Example 4 - Exponential g(u1, u2) = exp[0.4(u1 + 2)+ 6.2] − exp[0.3u2 + 5] − 200 Normally distributed variables with 
mx = 0 and sx = 1

Example 5–23-bar truss

g(E1, E2, A1, A2, P1− 6) = 0.14 − |s(x)|

Parameters in Table 2.

Table 1: Description of the first group of examples

Variable Distribution Mean Standard deviation

E1, E2 (Pa) Log-normal 2.1×1011 2.1×1010

A1 (m2) Log-normal 2.0×10− 3 2.0×10− 4

A2 (m2) Log-normal 1.0×10− 3 1.0×10− 4

P1, . . . , P6 (N) Gumbel 5.0×104 7.5×103

Table 2: Probabilistic parameters Example 5–23-bar truss

Method Pf ncalls

MC Case 1: 1.98×10− 3 3× 105

Case 2: 1.73×10− 3 3× 105

Proposed Algorithm Case 1: 1.98×10− 3 44.0

Case 2: 1.73×10− 3 104.0

AK-IE50 Case 1: 1.97×10− 3 40 + 42

Case 2: 1.74×10− 3 100 + 101

SSRM51 Case 1: 1.93×10− 3 198

Case 2: 1.71×10− 3 348

AK-MC-U9 Case 1: 1.81×10− 3 112

Case 2: 1.65×10− 3 153

AK-MC-EFF9 Case 1: 1.81×10− 3 112

Case 2: 1.65×10− 3 153

Table 3: Comparison reliability results and algorithms efficiency Example 1

Method Pf ncalls

MC 2.83×10− 2 1×106

Proposed Algorithm 2.83×10− 2 31.4

SSRM52 2.88×10− 2 19

AK-MC9 2.83×10− 2 62

AK-ARBIS32 2.83×10− 2 63

AK-MC-U9 2.83×10− 2 58

AK-MC-EFF9 2.85×10− 2 45

Kriging method53 2.87×10− 2 40

REAK54 2.84×10− 2 30

Table 4: Comparison reliability results and 
algorithms efficiency Example 2

Method Pf ncalls

MC 2.85×10− 5 3×107

Proposed Algorithm 2.85×10− 5 19.3

AK-IS31 2.86×10− 5 26

MetaAK-IS234 2.87×10− 5 28

AK-SIS3 2.86×10− 5 22

AK-SS55 2.85×10− 5 19

iRS56 2.84×10− 5 16

Table 5: Comparison reliability results and 
algorithms efficiency Example 3
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The results are given in Tables 11 and 
12, for Examples 6–8 and Example 9, 
respectively. The proposed algorithm 
performed better (less ncalls) for 
examples 7 and 8, whereas method 
LHD-K-U required fewer iterations 
for example 6. A value of U . 2 was 
reached with 9 EPs; however, the accu
racy of the metamodel was not good. 
On the other hand, the proposed algor
ithm yielded results close to those of 
MC. Figure 4 shows the comparison 

of the metamodels and original func
tions, from which their similarity can 
be seen, and the accumulation of 
points in g(X) = 0.

The proposed algorithm achieved a 
significant ncalls reduction in example 
9 in comparison with methods pre
sented in past studies and with a Pf 
value closer to MC.

Finally, an example of a simple sup
ported prestressed concrete beam was 
implemented (example 10) to observe 
the changes in the results when using 
a LHD-K-U algorithm, an algorithm 
with the proposed initial DoE and U 
criteria (FDoE-K-U), an algorithm 

with LHD as the initial DoE which 
accounted for the points with high 
joint PDF using copula (LHD-K- 
UCop), and the proposed algorithm 
(FDoE-K-Ucop).

The LSF of example 10 corresponds to 
a simple supported prestressed beam, 
described in Eqs. (28–30). The 
random variables, their distributions 
and respective parameters are shown 
in Table 13. The variables fc and Ec 
are correlated with a coefficient 0.9 
based on the values provided in Ref. 
[45]. This example aimed to obtain 
the failure probability of a prestressed 
beam subjected to a bending load at 

Method Pf ncalls

MC 3.60×10− 3 3× 107

Proposed 
Algorithm

3.64×10− 3 11.1

iRS56 3.69×10− 3 10

ARSM57 3.69×10− 3 15

Kriging method53 3.63×10− 3 15

Table 6: Comparison reliability results and 
algorithms efficiency Example 4

Method Pf ncalls

MC 3.28×10− 5 3× 107

Proposed 
Algorithm

3.26×10− 5 66

PC-kriging14 3.7×10− 5 75

AKEE-SS58 3.25×10− 5 80

AKMC-LIF36 3.31×10− 5 121

ESC-EFF59 9.2×10− 3∗ 58

*Probabilistic values were different.

Table 7: Comparison reliability results and 
algorithms efficiency Example 5

Fig. 2: Metamodel and EPs obtained for a. Example 3, and b. Example 4

Name Limit state function Variables properties

Example 6 g(x1, x2) = x1x2 − 1140 Log-normally distributed 
variables, with  
mx = {38, 54} sx = {3.8, 2.7}, and 
rx1x2
= 0.3

Example 7 g(x1, x2, x3) = 3x2
1 − x1x2 + x1x3 + x3

3 Variables follow the Weibull 
distribution mx = 0.918 
sx = 0.21, and rx2x3

= − 0.5

Example 8 g(x1, x2) = x4
1 + x2

2 − 120 x1 is log-normally distributed 
with  
mx = 5 and sx = 1 

x2 follows Gumbel distribution 
with mx = 10 and sx = 10, and 
rx1x2
= 0.25

Example 9- 
Frame

g(E1− 2, I1− 8, A1− 8, P1− 3) = 0.061 − Dx Structural definition in Figure 3
and Table 9 and probabilistic 
parameters in Table 10. 
rE1E2

= 0.9, rAiIi
= 0.95∗, and 

rAiIj
= 0.13∗∗

*Area and inertia of the same element. 
**Area and inertia of different element

Table 8: Description of the second group of examples
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critical point (mid-span).

g(X) = RFMR

− LF(MDL +Mve) (27) 

MR = A psf ps dp −
a
2

􏼐 􏼑
(28) 

with

a = b1c and c

=
A psf pu

0.85fcb1b+ kA psf pu/dp
(29) 

where MR, MDL and Mve are the 
moment capacity and moments due 
to dead and vehicular load, respect
ively, RF and LF are the model uncer
tainty factors for the resistance and 
load, respectively, A ps is the area of 
the prestressing tendons, f ps and f pu 
are the stress in prestressing steel at 
failure, and the prestressing ultimate 
strength, respectively, dp is the 

distance from top fiber to center of 
prestressing steel, b1 is a factor for 
concrete stress distribution depth and 
b is the beam width.

The results from the different methods 
tested in example 10 are shown in 

Table 14. The proposed algorithm 
used a smaller number of evaluations, 
as well as a value of Pf close to those 
obtained with MC. The use of the 
FDoE resulted in a reduction of ncalls, 
in comparison with LHD-K-U.

Figure 5 compares the results obtained 
with the different learning functions, 
using different learning functions, 
highlighting variations in both the 
error percentage (1 pf ) and the 
number of limit-state function (LSF) 
evaluations (ncalls). In the first group 
of examples (Fig. 5a), the maximum 
error reached 1 pf = 18%, which 
occurred for example 2 when using 
the ERF learning function. The 
results showed that the ERF function 
in the proposed algorithm consistently 
resulted in higher 1 pf values across 
most examples in this group. When 
comparing the number of LSF evalu
ations (Fig. 5b), the U learning func
tion generally performed better than 
the others by requiring fewer evalu
ations in most cases. Notably, in 
Examples 2 and 5, the ERF function 

Fig. 3: Example 9 - Frame structure

Element
Young’s 
modulus

Moment 
of Inertia

Cross 
section

1 E1 I5 A5

2 E1 I6 A6

3 E1 I7 A7

4 E1 I8 A8

5 E2 I1 A1

6 E2 I2 A2

7 E2 I3 A3

8 E2 I4 A4

Table 9: Example 9 – structural description

Variable Distribution Mean Standard deviation

E1 (kN/m2) Truncated normal [0,+∞] 2.1738×107 1.9152×106

E2 (kN/m2) Truncated normal [0,+∞] 2.3796×107 1.9152×106

I1 (m4) Truncated normal [0,+∞] 8.1344×10− 3 1.0834×10− 3

I2 (m4) Truncated normal [0,+∞] 1.1509×10− 2 1.2980×10− 3

I3 (m4) Truncated normal [0,+∞] 2.1375×10− 2 2.5961×10− 3

I4 (m4) Truncated normal [0,+∞] 2.5961×10− 2 3.0288×10− 3

I5 (m4) Truncated normal [0,+∞] 1.0812×10− 2 2.5961×10− 3

I6 (m4) Truncated normal [0,+∞] 1.4105×10− 2 3.4615×10− 3

I7 (m4) Truncated normal [0,+∞] 2.3279×10− 2 5.6249×10− 3

I8 (m4) Truncated normal [0,+∞] 2.5961×10− 2 6.4902×10− 3

A1 (m2) Truncated normal [0,+∞] 3.1256×10− 1 5.5815×10− 2

A2 (m2) Truncated normal [0,+∞] 3.7210×10− 1 7.4420×10− 2

A3 (m2) Truncated normal [0,+∞] 5.0606×10− 1 9.3025×10− 2

A4 (m2) Truncated normal [0,+∞] 5.5815×10− 1 1.1163×10− 2

A5 (m2) Truncated normal [0,+∞] 2.5302×10− 1 9.3025×10− 2

A6 (m2) Truncated normal [0,+∞] 2.9117×10− 1 1.0232×10− 1

A7 (m2) Truncated normal [0,+∞] 3.7303×10− 1 1.2093×10− 1

A8 (m2) Truncated normal [0,+∞] 4.1860×10− 1 1.9537×10− 1

P1 (kN) Log-normal 133.454 40.04

P2 (kN) Log-normal 88.97 35.59

P3 (kN) Log-normal 71.175 28.47

Table 10: Probabilistic parameters Example 9

Structural Engineering International 2025                                                                                       Scientific Paper 9



required fewer LSF calls, but this came 
at the cost of increased error in the 
probability of failure.

In the second group of examples (Fig. 
5c and d), the U function achieved 
the lowest 1 pf values in majority of 
cases, with errors generally remaining 
below 10%. As for the number of 
LSF evaluations, there was not signifi
cance changes among the different 
implemented learning functions. 
However, the U function demon
strated the most consistent perform
ance overall.

Example Application

General Description

The proposed algorithm was applied 
to the case of an existing reinforced 
concrete railway bridge. It is classi
fied as a trough bridge because of 
its geometry (see Fig. 5). A trough 

bridge consists of two longitudinal 
beams supporting a slab that forms 
a U shape that can be filled with 
ballast. The bridge was in service 
for 20 years and, during this period, 
the structure was mainly subjected 
to self-weight and traffic transport
ing iron ore. The railway bridge was 
designed for wagons with an axle 
load of 225 kN. The bridge was 
tested in a laboratory in 1996 to 
study its static and fatigue behavior 
under the increased loads and thus, 
to check the remaining life length. 
During the tests, displacements 
were measured at different points 
in the bridge and, due to limitations 
of the frame load, the test did not 
continue until the structure failed. 
The materials were also tested, to 
obtain the strength of both 
reinforcement and concrete at the 
date of the tests.

Example MC LHD-K-U
Proposed 
algorithm

6 Pf 1.41×10− 6 6.0×10− 8 1.47×10− 6

ncalls 2× 108 9 11.2

7 Pf 1.60×10− 5 1.7×10− 5 1.61×10− 5

ncalls 2× 107 30 21

8 Pf 1.13×10− 2 1.13×10− 2 1.12×10− 2

ncalls 2× 104 29.7 13.4

Table 11: Results from the second group of examples

Method Pf ncalls

MC 1.77×10− 4 5×106

Proposed 
algorithm

1.93×10− 4 52.7

iRS56 1.03×10− 4 222

Sparse PCE60 1.53×10− 4 450

AMK-MC61 1.212×10− 4 185.4

AK-MC61 1.198×10− 4 291.6

Table 12: Comparison reliability results and 
algorithms efficiency Example 9

Fig. 4: Metamodel and original function comparison with EPs obtained for a. Example 6, b. Example 8

Variable Distribution Mean Standard deviation

A ps (m2) Normal 2.7×10− 3 3.5×10− 5

fc(MPa) Log-normal 45.2 6.8

Ec(MPa) Log-normal 35557 5333

f pu(MPa) Log-normal 1969 49

h(m) Normal 1.25 0.01

DL(kN/m) Normal 16.3 1.6

Mve(kN.m) Gumbel 1575.6 394

RF Log-normal 1.04 0.156

LF Log-normal 1.0 0.2

with h as the height of the beam, DL the dead load.

Table 13: Random variables and statistical parameters Example 10
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Finite Element Modeling and 
Calibration

The bridge was modeled using Finite 
Element (FE) software (ATENA 

Science V5.9); the model is shown in 
Fig. 6. The structure was modeled 
using 3D solid FE elements (the iso
parametric 8-node brick with eight 

integration points) with an average 
size of 10 × 10 × 10 centimeters. The 
reinforcement bars were modeled as 
embedded truss elements. The con
crete properties applied took into 
account the compressive and tensile 
tests carried out in the laboratory. 
The degradation of materials due to 
fatigue was included in the model to 
simulate the capacity of the structure 
more realistically. The mean compres
sive concrete stress obtained was fc =  
72.6 MPa, the tensile strength ft = 3.9 
MPa, and the yielding stress was fy =  
440 MPa.

The accumulation of damage due to 
fatigue and the constitutive models 
for the materials are explained in 
Refs. [46,47]. The wagon load was 
applied as a uniformly distributed 
load on the slab’s surface, for simplifi
cation. The load-displacement curves 
from FEM and tests were compared 
to validate the model; these are also 
shown in Fig. 7.

Reliability Analysis and Results

The reliability analysis was carried out 
using the limit state function in Eq. 
(31). The random variables are shown 
in Table 15. The probabilistic values 
were based on standards48,49 and pre
vious studies.45

g(X) = RFRFEM − LFLW (30) 

where RFEM is the bending resistance 
of the structure given in terms of the 
load resisted, LW is the design load, 
and RF and LF are the resistance and 
load uncertainty factors.

In Table 15 the variables Ec and Gf are 
the modulus of elasticity and fracture 
energy of concrete, respectively, b fat 
is the slope of the fatigue strength in 
relation to the logarithm of the 
number of load cycles, fu is the ulti
mate tensile strength of reinforcement, 
and DL is the dead load consisting of 
the self-weight, ballast and weight of 
rails.

The reliability was evaluated with the 
proposed algorithm and the value of 
Pf obtained was equal to 6.28×10− 8 

with the respective b value being 
5.29. The number of FEM models 
runs was 40. The accuracy of the meta
model obtained was measured using 
R2 and Q2, which were 1.0 and 1.0, 
respectively.

To check the proposed methodology 
accuracy and robustness, the example 

MC LHD-K-U FDoE-K-U Proposed algorithm

P(F) 4.04×10− 3 4.23×10− 3 4.03×10− 3 4.02×10− 3

b 2.65 2.63 2.65 2.65

ncalls 5× 105 721 530 68.7

Table 14: Reliability results from Example 10

Fig. 5: Learning functions sensitivity analysis a. 1Pf and b. LSF evaluations (ncalls) for the 
first group of examples and c. 1Pf and d. LSF valuations (ncalls) for the second group of 
examples

Fig. 6: Trough bridge geometry
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is solved using LHD-K-U method. 
Through this method obtained a Pf 
value of 7.50×10− 8 with 120 
simulations.

Conclusions

This paper describes a proposal for a 
new metamodel-based algorithm for 
the reliability analysis of structures. 
The algorithm is based on AK-MC 
methods. The main features of the pro
posed algorithm are the implemen
tation of a new initial DoE that 
allows for adding to the metamodel’s 
Experimental Points (EPs) lying 
exactly in g(X) = 0, and the use of 
learning functions with copula theory 
as a way of enriching the DoE in the 
areas with high prediction variance, 
near to and with the highest value at 
the joint PDF i.e. close to the MPP. 
Furthermore, a combined stopping cri
terion is proposed to avoid excessive 
enrichment far from the limit state 
and improve computational efficiency 
without compromising reliability.

A group of ten examples was used to 
validate the proposed methodology. 
They consisted of explicit limit state 
functions with different natures (e.g. 
highly nonlinear, high dimensional), 
including independent, dependent, 
gaussian and non-gaussian variables. 
From the comparison with MC and 
previous studies, the proposed algor
ithm was shown to provide accurate 
results, and a good, improved effi
ciency (based on the number of LSF 
evaluations) when compared to pre
vious methodologies for most of the 
examples.

The example of the prestressed con
crete beam (Example 10) showed 
how the implementation of the 
copula, and the initial DoE, individu
ally, helped to accelerate the algor
ithm’s convergence without 
compromising the analysis’s accuracy.

Using different learning functions 
(LFs) in the proposed algorithm 
showed that the error in the prob
ability of failure can increase 

depending on the implemented LF. 
However, there was no indicator that 
one learning function always performs 
better than the others since the vari
ations were particular for every 
example. However, it was observed 
that ERF LF obtained a higher error 
value in most cases. Given that the U 
learning function is easy to calculate, 
ensuring good accuracy and efficiency, 
it can be chosen as the criteria for 
selecting the best next point.

The methodology was then applied to 
a reinforced concrete trough bridge 
case study, for which the resistance 
was determined using FEM. It 
obtained a small failure probability 
(Pf = 6.28× 10− 8), with a reasonable 
number of simulations needed (40). 
Since, for these cases, there is no way 
to compare with the real LSF, the 
metamodel accuracy was estimated 
by comparing with the method LHD- 
K-U obtaining a close result with less 
simulations. Also, the ten-time 10- 
fold cross-validation demonstrated 
that the obtained metamodel had a 
high level of predictability (Q2 = 1.0).

While the proposed methodology 
demonstrates improved efficiency and 
accuracy in reliability analysis, 
especially when applied to finite 
element models, certain limitations 
should be acknowledged. In particular, 
the proposed methodology assumes a 
Gaussian copula modeling the joint 
dependence structure of the input vari
ables. While this is a practical and com
monly used choice, it may not 
accurately represent all types of vari
able dependencies. However, the 
algorithm can be readily adapted by 

Fig. 7: Finite Element model and load-displacement curves obtained experimentally and 
using FEM (vertical axis in kN and horizontal axis in mm)

Variable Distribution Mean Standard deviation

Correlation matrix

fc Ec ft Gf b fat fu DL LW RF LF

fc(MPa) Log-normal 75.0 13.5 1 0.9 0.8 0.6 0 0 0 0 0 0

Ec(MPa) Log-normal 42084.8 6312.72 0.9 1 0.7 0.5 0 0 0 0 0 0

ft(MPa) Weibull 3.9 0.89 0.8 0.7 1 0.9 0 0 0 0 0 0

Gf (N/m) Weibull 300.0 60.0 0.6 0.5 0.9 1 0 0 0 0 0 0

b fat Normal 0.07 0.007 0 0 0 0 1 0 0 0 0 0

fu(MPa) Log-normal 607.0 42.49 0 0 0 0 0 1 0 0 0 0

DL(kN) Normal 25.2 2.52 0 0 0 0 0 0 1 0 0 0

LW(kN) Gumbel 241.4 60.35 0 0 0 0 0 0 0 1 0 0

RF Log-normal 1.04 0.156 0 0 0 0 0 0 0 0 1 0

LF Log-normal 1.0 0.2 0 0 0 0 0 0 0 0 0 1

Table 15: Random variables and statistic parameters
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replacing the Gaussian copula with 
alternative copula families, as explored 
in Ref. [22], making the approach flex
ible for broader applications.

Future Research

Future research can be focused on 
exploring the use of different copula 
families to capture more complex 
dependency structures among input 
variables. Additionally, sensitivity ana
lyses can be conducted to assess the 
influence of copula parameters and 
stress path variations on reliability 
estimates.
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